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Abstract 

We consider the nonlocal KPP-Fisher equation u,{t,x) - Uxx{t,x) + u{t,x){\ — {K * u)(t,x)) 
which describes the evolution of population density u{t, x) with respect to time t and location 
X. The non-locality is expressed in terms of the convolution of u{t, ■) with kernel K{-) > 0, 
fj^K(s)ds = 1. The restrictions K(s),s > 0, and K(s),s < 0, are responsible for interactions 
of an individual with his left and right neighbors, respectively. We show that these two parts of 
K play quite different roles as for the existence and uniqueness of traveling fronts to the KPP- 
Fisher equation. In particular, if the left interaction is dominant, the uniqueness of fronts can be 
proved, while the dominance of the right interaction can induce the co-existence of monotone 
and oscillating fronts. We also present a short proof of the existence of traveling waves without 
assuming various technical restrictions usually imposed on K. 
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1. Introduction and main results 


T his pape r continues the studies of traveling waves for the following nonlocal version W 
SE [nl 111 m m HI s of the KPP-Fisher equation: 


Ut(t, x) — Uxx{t, x) + u{t, v)(l — {K * u){t, x)), u > 0, (f, x) 6 . 


( 1 ) 


The requirement ii{t, jc) > 0 is due to the usual interpretation of u(t, x) as the population density 
at time t and location x. The convolution (K * ii)(t, x) : - K(y)u(t,x- y)dy describes the non¬ 
local interaction among individuals; it is assumed that the non-negative kernel K 6 L'(R, IR+) is 
normalised by K(s)ds = 1. It is clear that the restriction of /r(s)|(i>o) characterizes the 

instantaneous interaction of an individual with his left side neighbors, its intensity a_ e [0, -i-oo] 
can be expressed as 

1 r+“ 

a - - sK{s)ds, 

c Jo 

where c is some positive parameter (wave velocity) to be specified later. Similarly, 

1 r“ 

0-+ = - I 

c J-oo 

can be used to quantify the intensity of the interaction of an individual with his right side neigh¬ 
bors. 

We recall that the classical solution u(t, x) = (p(x + ct) is a wavefront (or a traveling front) 
for ([1]) propagating with the velocity c > 0, if the profile 0 is C“-smooth, non-negative and 
satisfies (pi—oo) - 0 and (pi+oo) =1. By replacing the condition (p{+oo) - 1 with the less 
restrictive condition 0 < liminfs-^+oo 0(s) < limsup^^^^ 0(s) < oo, we get the definition of a 
semi-wavefront. Clearly, each wave profile (p to O satisfies the functional differential equation 

cp''{t)-c(p'{t) + cp{t){l-{cp*K){t))^0, reR. ( 2 ) 

The main concern of this paper is the existence and uniqueness of wavefronts and semi¬ 
wavefronts to equation ([1]) in the situation when a+ > 0. Since we have much more information 
about the existence-uniqueness problem when a+ = 0 (i.e. in the so-called delayed case), it 
is enlightening to recall here the key results about traveling waves for the delayed KPP-Fisher 
equation: 


1.1. Case a+ = 0." expected uniqueness of traveling fronts in the Hutchinson diffusive equation. 
If we formally choose K{t) - 6{t - ct) with some t > 0, then (|2|i takes the form 

(p''{f) — c(p'{t) + <p(t){l — (p{t — ct)) - 0, f e R, (3) 

which is precisely the wave profile’s equation for the diffusive Hutchinson’s model 

lift, x) — Uxx{t, x) + u{t, x)(l — u{t — T, x)), M > 0, X 6 R. (4) 

Model (IDi is an important example of delayed reaction-diffusion equations. In particular, during 
the past decade, the traveling fronts for this model have been analysed by many authors, see 
iSSBS HI 14. iH 3. 2 1 . 122 L 24, As a result of these studies, nowadays there is a rather 

satisfactory understanding of the wavefronts’ existence and uniqueness problems for model (|4]i 
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and, more generally, for equation ([T]i with a+ - 0, cf. Q. It should be noted here that we are still 
far from having the complete solution to these problems: nevertheless, several key open ques¬ 
tions and plausible answers to them are stated in |0 . In particular, the decomposition of 
the domain of parameters (t, c) 6 on the disjoint subsets associated with the classes of mono¬ 
tone wavefronts, non-monotone wavefronts, proper semi-wavefronts and no of semi-wavefronts 
to equation (|4]i was obtained, modulo the generalized Wright conjecture 0,IS 112] ■ By l2iK 
for each c >2 equation (jUi possesses at least one semi-wavefront. The uniqueness of the mono¬ 
tone wavefronts to (HJi was proved in Jg, lH S- Moreover, a combination of ifTH Theorem 1.1 
and Corollary 6.6] with lll4l Theorem 5.1] assures the uniqueness of all fast (this means c » 1) 
wavefronts for t < 3/2. Actually, lEl suggests that the uniqueness of all fast semi-wavefronts 
can be deduced from the uniqueness of the heteroclinic connection in the Hutchinson’s equation. 
Since the proper semi-wavefronts are slowly oscillating 01111, an expected positive answer to 
Jones’ conjecture 0] (the uniqueness of slowly oscillating periodic solution in the Wright equa¬ 
tion) gives an additional argument in favor of the uniqueness of semi-wavefronts for equation 
(Si. Hence, we believe that for each fixed pair (t, c), t > 0, c > 2, the semi-wavefront solution to 
equation (S is unique (up to a translation). 


1.2. Case a+ > 0: main existence and convergence results. 

It is somewhat surprising that the first existence result for the equation (S was proved under 
condition a+ > 0. More precisely, it was established by Berestycki et al. 0 that the assumptions 


c >2 and K e 


K(0)>0, IJiTI, = 1 


•r 


K{s)e'^‘-‘^'>^ds < OO, 


(5) 


where 


^(c) ■ 


Vc^ - 4) < ju(c) -(c -I- 


■4) 


( 6 ) 


denote the positive roots of the quadratic equation - cz + 1 - 0 , guarantee the existence of at 
least one semi-wavefront of dD. Observe that the last inequality in (|5]l does not appear explicitly 
in 0 Theorem 1.4], however it was used to construct a super-solution, cf. 0 p. 2836]. Note 
also that the condition K{0) > 0 of (l5]l is essential for the proofs in 0 and therefore the existence 
result from 0 cannot be applied when a+ = 0 or o'- = 0. Thus the known proofs 01111 of the 
existence of semi-wavefronts for (HI are based on rather different approaches. 

We show in the present paper that the method of ll2in can be also applied to (IB which allows 
to weaken restrictions (|5]): 


Theorem 1. Assume that K 6 Li(K, R+), jA'Ii = 1. Then equation ([TJ has at least one semi¬ 
wavefront u(t, x) — <p{x + ct) if and only if c > 2. 


It is not difficult to deduce from this result the existence of at least one semi-wavefront for each 
given velocity c > 2 in the case of a more general equation 


(p"{t) - C(p'(t) -I- (p{t) ~ J" ~ s)c/m(s)j = 0, 


t 6 


(7) 


Here the increasing function m : R —> K satisfies m(-oa) - 0, m{-¥oo) = 1. In other words, the 
convolution Jif * « of a continuous function u with Lebesgue’s integrable kernel K (as in equation 
(IB) is replaced here by a convolution u * ji of u with the normalised Borel measure ji (where 
//(A) = jf^ dm(s)). Clearly, this family of equations includes (O as a particular case. 
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The symmetry (evenness) properties of the kernel K do not matter for such a general existence 
result as Theorem [T] However, the shape of K plays a decisive role in the determination of 
monotone wavefronts to O- This question was exhaustively answered by Fang and Zhao 10 in 
terms of roots of the equation 


X +oo 

K(s)e-‘^^ds = 0 . ( 8 ) 

oo 

By0, model (O has at least one monotone wavefront if and only if equation (O has a negative 
root. Moreover, the uniqueness of this wavefront was established in the class of all monotone 
wavefronts. One of the main results of this paper shows that the above words in italic cannot be 
omitted if a+ > 0. This makes a striking difference with equation (IHi (case a+ - 0) where the 
uniqueness of a monotone wavefront in the class of all semi-wavefronts was established. One of 
the amazing consequences of the Fang and Zhao criterion 0 for the case a_ = 0 is the presence 
of a unique monotone wavefront to equation ([1]) for each given velocity c > 2. 

Now, contrary to the cases of proper semi-wavefronts and monotone wavefronts, the exis¬ 
tence and uniqueness of non-monotone wavefronts to equation ([T]i with a+ > 0 is largely an 
open problem. The known results in this direction were obtained in Qi . In particular, Beresty- 
cki et al. |01 proved that the positivity of the Fourier transform of K (that, in turn, implies that 
the kernel K is an even function satisfying K{Q) > K{s) for all i 6 R) implies the convergence 
of all semi-wavefront profiles: (f>(+oo) - 1. The second result due to Alfaro and Coville IH] 
was obtained by means of L^-estimates. This technique does not take into account the symmetry 
properties of K: Alfaro and Coville’s theorem says that the inequality 


c>M* 


l£ 


s^K(s)ds, 


(9) 


with M* being any a priori estimate for the norm |<^|oo = sup^^R ^(s) of semi-wavefront (p, \(p\oc < 
M*, guarantees that (pi+oa) - 1. It should be noted here that the derivation of the explicit 
formulas for M* is an important step of proofs of the existence theorems. The first such formula 
was proposed in |01 and Lemma|5]below develops further this investigation. The presence of M* 
in (|9]l marks another difference with the convergence criteria for the case a+ - 0. Our analysis in 
this paper suggests that if a+ > 0, the dependence of the convergence conditions on the a priori 
estimates for (p cannot be avoided. 

Theorem 2. Let M* be a priori estimate for the norm \(p\oo - sup^^jj (p{s) of semi-wavefront 
u{t,x) — (p{x -H ct), \(p\oc, < M*. Then (p{+oa) - 1 if at least one of the following three conditions 
is satisfied: 

1) c > M* (i.e. M*(a+ ■+■ a-) < 1); 

2) K(s) - Ofor s < 0, and c > 2 (i.e. 0 "+= 0, a_ 6 (0,1/2)); 

3) K{s) ^ Qfor s <0, c > 2 |i|A'(i)c/i (i.e. a+ >0, a+ -t-a- e (0,1/2)), and 


M* < - 


a+ - ff- H- ^(1 -H a+ - a-fi - 4a. 
2a+ 


( 10 ) 


We note that the right hand side of (doll is well defined when a;+ -i- q:_ 6 (0,1/2). Condition (doll 
can be further improved within our approach, however, we do not pursue this goal in the paper. It 
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is worth noting that a+ and a- are entering (fTOl i in asymmetric way and this inequality is satisfied 
automatically when a+ —> 0^ (thus condition 2 of Theorem|2]can be considered as a limit case, 
at a+ = 0^, of condition 3). Obviously, the inequality c > M* J ^ is less restrictive 

than the Alfaro and Coville condition (|9]l in view of Holder’s inequality. 

Since the proof of Theorem |2] is one of the principal motivations for our studies exposed in 
the next subsection, we outline it below. 

Proof of Theorem|2] Take c > 2 and consider semi-wavefront solution u(t, x) = (p{x+ct). Then it 
can be proved that p liminf^^+co <p{t) <1, P limsup,_,^o„ 0(f) > 1 are positive numbers 
satisfying certain systems of inequalities, the simplest of which has the following form (see 
LemmaOin Section|2]i: 

p + a+P(l - p) + a-P(P - 1) > 1, 

P-a+P{P- \)-a-P(\-p) < 1. 

Figure 1 represents the position of the domains defined by the first (21) and the second (*B) 
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Figure 1; Domains 21, OS and 21 n 3S when (a) = 0, «_ € (0,1/2); (b) a+ = 0, O'- > 1/2; (c) = 0, «'+ > 0; (d) 

>0, 0 -+ + O'- < 1/2; (e) a± >0, a+ + > 1/2. 

inequality in the cases (a) a+ - 0 , a- e (0,1/2); (b) a+ - 0 , a- > 1/2; (c) «+ > 0, a- - 0; (d) 
a± >0, Q'+ -F a_ < 1/2; (e) a± >0, a+ H- o'- > 1/2, respectively. The points (1,1) and 

—■— ) 

a_ H- a+ a- + a+ / 

belong to the intersection of the boundaries of 21, *B: (1,1), A* e (921 n cl*B. 
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In the case (a), it is clear that the unique point satisfying both inequalities is p - P — 1, 
which implies the convergence of each profile at +oo. In the cases (b)-(e), however, the final 
result depends strongly on the position of M*. If M* is situated as in the picture (d) (that is 
analytically expressed by (fTOl i) or as in pictures (b) and (e) (that is, M* < 1 / {a+ + a-)), then 
the upper part of the intersection 21 n *8 can be ignored so that p - P - \ and we obtain the 
convergence of all semi-wavefronts at -too. □ 

However, if the position of M* is as in the picture (c), there is a possibility of the co-existence 
of a monotone wavefront (recall here that a- - 0 assures its existence in virtue of Fang and 
Zhao criterion) and a proper oscillating semi-wavefront. The main result of this paper consists 
precisely of the analytical proof of such a dynamical behaviour for certain systems with Qr_ = 0. 

Remark 1. Clearly, the statement of Theorem^remains true if we replace M* with the smaller 
value P — limsup,_,^^ f(t). In the case (b), the condition P < l/(a+ + a-) can be replaced by 
the dual inequality p > 2 — ll(a+ + aJ), where p - liminf,^+oo fit). 


1.3. Case a- = O.' the co-existence of monotone traveling fronts and proper semi-wavefronts in 
the KPP-Fisher equation with advanced argument. 

The recent work by Nadin et al. has provided another argument supporting the conjecture 
about the co-existence of different dynamical patterns in equation ([T]i. The authors of 11321] have 
proposed the following substitute, with K{s) - 6(s H- h), (called ”a toy model”) of (l2]i: 


fit) - cf'it) = - 


Af{t), 
\-([>{t + h). 


m^[o,o), 

(pit) > 0, 


( 11 ) 


(actually, this equation is obtained from the original toy model from by reversing time). The 
positive parameters A, h and 0 6 (0,1) satisfy the inequality A > (1 —6)16, which is the reminis¬ 
cence of the sub-tangency condition at 0 of the classical KPP-Fisher nonlinearity. The piece-wise 
linear model (fTTTi inherits the local properties at the steady states from ([T]i and therefore it can 
be used to understand the geometry of the semi-wavefronts to ([TJ. It is a remarkable fact that 
the computations of predicted the co-existence of asymptotically periodic semi-wavefronts 
and monotone as well as oscillating wavefronts in equation ([TJ. Nevertheless, the toy model ([TTJ 
has one important deficiency: the right hand side of (fTTTi is a discontinuous functional. At a 
first glance, precisely this drawback could be considered as a main reason for the existence of 
multiple semi-wavefronts. Indeed, let us consider the following ’’delayed” toy model: 


(p'ft) - C(p'(t) = 


(pit), 
■ (pit- 


ct), 


(pit) e [0,0.5), 
(pit) > 0.5, 


( 12 ) 


where c = 2.5, ct = 2 In 1.5 = 0.8109 ... (so that t = 0.8 In 1.5 = 0.3243 ... < 1 /e = 0.3678 ...). 
It is easy to check that the eigenvalues of ([T2l) at 0 are 0.5 and 2, while the set of all eigenvalues 
at 1 contains two negative numbers -0.5 and -4.035 ... This information allows us to construct 
two different monotone wavefronts (pj 6 1T^’“(K) to ([T2l) : 


(piit) = 


0.5e°'S', 

1 - 0.5e-°'^', 


(piit) = 


Q.5e^‘, t < 0, 

1 - 0.28.- 0.21. t > 0. 


Even more surprisingly, an oscillating wavefront to ([T2t can also be constructed. Indeed, since 
xq ± iyo, xq — -6.2402 ..., yo = 10.054... is a pair of conjugated eigenvalues to the equation 
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dEli at the steady state 1 , it is easy to find the following oscillating profile 03 6 1 V“’‘ 

03(0 = 


where 


0.5e^', t < 0, 

1 + ae^°‘ cos(jof + zo), t > 0, 


. 1,(1-0.5xo)2 0.5 

a-- + - - - = 0.546 ..., cos(zo) = — Zo - 2.727 ... 

4 y2 fl 


See Figure 2 where all three solutions are shown. However, in view of the results mentioned 



Figure 2: Co-existence of monotone and oscillating wavefronts in a delayed toy model. 


in Subsection ll.il this equation should possess a unique wavefront (up to a translation). More¬ 
over, the wavefront 02 decreases rapidly at -oo (i.e. 02 is a pushed front) that is formally not 
compatible with the above mentioned sub-tangency condition A > (1 —6)10. It is clear that the 
discontinuity of equation (fTSli is the main reason of all these ’’contradictions”. 


Hence the conclusions suggested by the analysis of the ’’toy” models must be corroborated 
by rigorous analytical proofs. In the present work, using Hal e-Lin method ll^ adapted for the 
singular functional differential equations in flllllldlllfil] : Hale-Huang analysis of the perturbed 
periodic solutions developed in ISlliSl [1911231]; Krisztin-Walther-Wu theory of an invariant strat¬ 
ification of an attracting set for delayed monotone positive feedback 1^ : Magalhaes-Faria nor¬ 
mal forms for retarded functional-differential equations lll2|] and Mallet-Paret-Sell theory of 


monotone cyclic feedback systems with delay 02911301] . we provide such a result; 


Theorems. For each t > 37r/2 sufficiently close to 37r/2 there exists Ctir) > 2 and an open 
subset Q of such that the KPP-Fisher equation with advanced argument 


uft, x) - u„(t, x) + u(t, x)(l — uit + T, x)), M > 0, X € R, 


has a three-dimensional family u(t, x) = 0(x + ct, f, c), f & PI, of wavefronts for each c > Ct(T). 
For every fixed c, this family contains a unique (up to a translation) monotone wavefront and 
maps continuously and injectively Q into the space C|i,(M, R) of bounded continuous functions 
on R. Moreover, for each c > Ct(T), the above equation possesses proper semi-wavefronts 
u(t, x) = 0(x + ct, c). The profiles 0(-, c) are asymptotically periodic at -Hoo, with oj{c)-periodic 
limit functions 0oo(',c) having periods oj(c) close to 2nc and of the sinusoidal form (i.e. each 
0oo(-, c) oscillates around 1 and has exactly two critical points on the period interval [0, ai(c))). 
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Theorem [3 shows that the non-local KPP-Fisher equations with a+ » a- may exhibit multiple 
patterns of wave propagation: 

Corollary 1. There exists c > 2 and an increasing function m : K —» K satisfying m(—oo) — 0, 
jn(+oo) — 1 such that equation 0 has, at the same time, a unique monotone wavefront, multiple 
oscillating wavefronts as well as asymptotically periodic proper semi-wavefronts propagating 
with the velocity c. 

The structure of this paper is as follows. In Sectionl^we establish a series of auxiliary results 
and a priori estimates necessary to prove Theorems [1] and |2 Section [2 contains the proof of 
Theorem [T] The first part of Theorem [2 (stated as Theorem |2l is proved in Sections 1213 The 
second part of Theorem[2 (stated as Theorem|2) is proved in Section|6]of our work. 


2. A priori estimates and the convergence of semi-wavefronts 


As it was suggested in 1211] . it is convenient to study equation 0 together with 

f"{t) - Cf'it) + gpifitm - if * K){t)) = 0, (13) 


where the continuous piece-wise linear function gp, f > 1, is given by 


gpiu) = 


u, u e [0,jS], 

maxjO, 2p - u], u > jd. 


(14) 


Observe that equation (fTSl l has three constant solutions: 0(f) s 0, l,2f. We have the following 


Lemma 1. Assume that <p, 0(—oo) = 0, is a non-negative, bounded and non-constant solution of 
(O. Then 0(f) < 213 for all f € R. Next, if either to is a point of local maximum for (p{t) with 
0(fo) < 2y6 or to is the smallest number such that 0(fo) = 2(3, then (0 * K)(to) < 1. 


Proof. On the contrary, suppose that there exists a maximal interval (to, fi), such that 0(f) > 2/3 — 
0(fo) for all f 6 (to,ti). Then 0'(ft) > 0,0(ft) > 2/3 for some f, e (fo,fi)- It follows from (fT3l l 
and the definition of gj} that 0"(f) = c0'(f) for all f 6 (fo,fi)- Hence, 0'(f) = <p'(t,)e'^^'~''’ > 0, 
f e (to, t\) and therefore t\ - -too, 0(-i-oo) = -too, contradicting the boundedness of 0. 

Finally, if to is a point of local maximum for 0(f), then 0'(fo) = 0, 0"(fo) < 0. If, in addition, 
0(fo) < 2/3 then gp((f>(to)) > 0 and thus (fT3]) assures that (0 * K)(to) < 1. In the case when 
to is the smallest number such that 0(fo) = 2/3, then clearly there exists a sequence tj to, 
tj < to, j - 1,2,... such that 0'(fj) > 0, f"(tf) < 0, <p(tf) < 2/3. But then (0 * K)(tf) < 1, for all 
j and therefore also (0 * K)(to) < 1. □ 

The following property of solutions to 0 and (fT3]) was established in |3, Lemmas 3.7 and 3.9]: 

Lemma 2. Assume that 0 is a non-negative, bounded and non-constant solution ofm or 0- 
If in addition, 0(f„) —> 0 along some sequence t^ —> —oo, then (p(t) is increasing on some interval 
(-oo,p], (p(-oo) = 0, and liminf,^+oo 0(0 > 0. 

In fact, it is easy to see that each non-trivial non-negative profile should be positive: 

Lemma 3. Let a non-negative bounded 0^0 solve either m or 0 and c >2. Then 

0(f) > 0, -0'(O/0(O > -He). 


If, in addition, 0(—oo) = 0, 0(f) < 1, f 6 R, then 0'(f) > 0/or all t & M and 0(-l-oo) = 1. 
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Proof. First, notice that equation (fOl l with p = +oo coincides with (|2]i, so it suffices to consider 
equation (fOl l allowing p - +oo. Suppose that, for some s, solution (p of (fOl) satisfies (p{s) - 0. 
Since (p{f) >0, f 6 R, this yields (p'{s) - 0. Notice that y = 0(f) is the solution of the following 
initial value problem for a linear second order ordinary differential equation 

/'(f) - c/(f) + a(t)y(t) = 0, y(i) = /(i) = 0, 

where 

( l-icf>*K)it), Q<cp{t)<p, 
ait): I 

is a continuous bounded function. But then y(f) s 0 due to the uniqueness theorem, a contradic¬ 
tion. 

Suppose now that 0 satisfies (fOT l and c > 2. Set 


M0)(O gpi^it))iP * K)it) + 0(f) - g/j(0(f)), 

then N((f>)(t) > 0 and 

1 

0(f) = - I - et‘^‘^^^)Ni(f>)is)ds. 

Jt 

As a consequence, we have that 

1 

(p'it)- - I - fiet‘‘^'~^^)N'((p){s)ds, 

Jt 


(15) 


and therefore 


If now c = 2, we find similarly that 

and thus also 


X +OO 

e''^'""W(0)(i)£/i < 0. 

ilarly that 

X -FOO ^-FOO 

(i - t)e‘~^M(p)(s)ds, (p'(t) - J (s- t - l)e'' 


■’JV(<p)(s)ds, 


(p'(t) - (pit) = 


■X 


=Mip)is)ds < 0. 


Finally, 0 < 0(f) < 1, f 6 R, implies that 0"(f) - c0'(f) <0. As a consequence, (p'is) > 
0'(f)e^f'-'), i < f, so that there either exists a sequence f„ —> -Hoo such that 0'(f„) > 0, or there 
exists the leftmost Ti 6 RU{-i-oo) such that 0'(f) < 0 for all f > Ti. In the first case, 0'(f) > 0, f 6 
R, while in the second case 0(f) is non-increasing and 0"(f) < c0'(f) < 0, for t > T\. Since 
0(f) > 0, this can only happen when 0(f) = 0(7’i) for t > T\. But then (0 * K)iT\) - 1, which 
implies 0(f) = 1 for t >T\ and Kis) - 0 a.e. on R+. Furthermore, (p'is) > 0 for s < T\. Now, 
observe that both 0(f) and 1 satisfy equation (fTSl l and that Ni(p)it) - 7V(l)(f) = 1 for all f > T\ 
and A/'(0)(f) = pit)i(p * K)it) for t <T\. Therefore (fTSl) implies that, for t <T\ close to Tj, 


0 < 1 - 0(f) 


—— r ie'^^' ^'')i\ - (pis)i(p * K)is))ds < 

Jt 


J_ f _ et'('-^))dsil - 02(f)) = (f - Ti)^i0.5 + o(l))(l - 0(f))(l + 0(f)), f ^ Ti-, 

' -■i Ji 


a contradiction. 


□ 
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Lemma 4. Let a positive bounded 0 solve ( 1751) and there exists the limit (p{+oo). Then 0(+oo) e 
{l,2y8). If <p{+oa) - 2/3 then (p{t) = 2/7 on some maximal nonempty interval [Ti, +oo) and (f * 
K){Ti) < 1. Furthermore, if 2/3 K(s)ds > 1 then (f>{+oo) — 1. 

Proof. It follows from Lemmas [T] andthat (f>{+oo) e (0,2/3]. In addition, if 0(+oo) ^ {l,2y6), 
then for 

r(t)-.^gp(f(t))(\-(f)*K)(t)), 

we have that 

lim r(f) = .g/j(</'(+oo))(l - <^(+oo)) 0. 

/-^+CO 

However, in this case the differential equation (p"{t) — c(p'(t) + r{t) - 0 does not have any 
convergent solution on K+. Indeed, we have that 




f'is) + c(f(t) - f(s)) - 



r(u)du 


+00 as f —> + 00 . 


Finally, assume that (p{+oo) - 2p, then there exists Li e R such that r{t) < 0 for t 6 [7’i,oo) 
and thus 4>"{t) — ccf>'(t) > 0 for f > Li. As a consequence, ff) > (/>'(s)e'^^'^^^ for t > s > Ti. 
Iff'is) > 0 for some s > Ti, we obtain a contradiction; (p'(+oo) — +oo. Therefore we have to 
analyse the case when (pfs) - 0 for all i > Ti (we can assume that Ti is the smallest number 
with such a property). By Lemma[Tl 

X O ^0 

K{s)ds = I (P(Ti - s)K{s)ds < if * K){Ti) < 1, 

OO U —CO 

which proves the last statements of the lemma. □ 

rO 

Remark 2. Suppose that J ^ K(s)ds > 0. Then we can choose /3 large enough to meet the 

inequality 2f3 K(s)ds > 1. Hence, iff^^ K(s)ds > 0 and there exists (f)(+oo), we can assume 
that f(+oa) — 1. 


Now, the change of variables 

4>(t) - e~^^'\ i.e. x(t) —-In(f>(t), 

transforms equation (|2]i into 

x'ft) - cx'it) - (x'iff + e^^'(‘-^^K(s)ds - 1 j = 0, f 6 R. 

We will also consider the family of equations 
x"(t) - cx'(t) - (x'(t)f + hj8(x(t)) 


e-^(^)K(t - s)ds - 11 = 0, f e R, 


where non-decreasing continuous function h^ 


ip . 


[0, -Hoo), /3 > 1, is defined by 


I, x> —\n/3, 

max{0,2y6e'‘ - 1), x < —\n/3. 
10 


(16) 


hp(x) = 




For c > 2, we will consider a strictly increasing function / ; [-1, oo) —» M, 




2s 

c + Vc^ + 4s 


Lemma 5. For each c > 2 and K & 'K {K & L'(R, IR+) : lA'Ii = 1,/r > 0) there exists 
U(c,K) > 1 depending only on c and K such that the following holds: if fit), — 0, is a 

positive bounded solution of equation (ES with j3 > U(c, K), then 

Q<(p{t)<U{c,K),teR (17) 

(i.e. the set of all semi-wavefronts to f l73l ) is uniformly bounded by a constant which does not 
depend on a particular semi-wavefront). Moreover, given a fixed pair (cq, Kq) 6 [2, +oo) x 'K, we 
can assume that the map U : [2, +cx)) x'K ^ (0, +oo) is locally continuous at (co, Kq). 


Proof. First, we take U{c, K) > 1 defined by one of the following non-exclusive formulas; 

• if K(s)ds > 0, then U{c,K) - e^^^^'^^K{s)ds^ ; 

• if K{s)ds < 0.001, then U{c,K) = 2exp{A{r H- cr)), where A — A(c) is defined by (|6]l 
and r - r(K) e N, cr = cr(c) > 0 are chosen in such a way that 


£ 


K{s)ds > 0.99, 2c- 


< 0 . 01 . 


Obviously, such U ; [2, -i-oo) x 7C —> (0, -i-oo) is locally continuous at each (co, Kq). For example, 
U(c,K) can be considered as a constant (hence, continuous) function in some small neighbor¬ 
hood of (cq, Kq) e [2, H-oo) X TC satisfying ^ °° Ko{s)ds - 0. 

Clearly, if ff) e (0,1] for all f e K, then inequality (fTTI i is true because of U(c,K) > 1. In 
particular, this happens if the profile f(t) is nondecreasing and 2p J ^ K(s)ds > 1, see Remark|2] 
Thus let us suppose that ffo) > 1 at some point tQ. Then at least one of the following three 
possibilities can occur: 

X O n-\-oo 

^ K(s)ds - 0 (so that K{s)ds - 1). In such 
a case, by LemmaHl there is some finite Ti such that <p{-i-oa) - (p{T\) - 2/3 and (<p * K)(Ti) < I. 
For X defined by (fTbl l. we have x'{t) - - f (t)/(f>(t) > -/1(c) = /(-I) for all f € R and 

^+oo ^ 

I e-^^^'-^'>K(s)ds < if * K)(T{) = I e-^^'^'-^'>K(s)ds < 1. 

Jo Jr 

r^i 

Now, set m min^GMx(5) and observe that x(t) = x(ri) - J x'(s)ds < m + - Ti) for 

t < Ti. Thus 

p-foo p+oo 

I < I e~^^'^'~''’K{s)ds < 1 

Jo Jo 

1 1 

— =-- = e"' > f e^f^-^^K(s)ds. 

2/3 <p{Ti) Jo 


and therefore 
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Thus we can take 


2(5 = cpiTy) < 



e'f^^'^^K{s)ds 


U{c,K). 


The latter shows that Situation I cannot occur if 2y6 > U(c, K). 

r+co 

Situation II . Solution 4>{t) is not nondecreasing and K{s)ds > 0. Then we can repeat the 
above arguments to conclude that, for the local maxima (p{tj) > 1 of we have that 


sup (p{t) - sup p{tj) < 

feR j 


' p+oo ' 

I e^f^-^^K{s)ds 
Jo 


U{c, K). 


r+oo 

Situation III . Solution p{t) is not nondecreasing and K{s)ds - 0. Suppose, on the contrary, 
that 0(fo) > U{c,K) - 2exp(/l(r + cr)) for some Iq. Then (p{t) > 2 on some maximal closed 
interval [a, b] 3 to- We claim that b — a > r + cr. Indeed, otherwise, since (p'{t) < A<p(t), (p{a) - 2, 
Ip'{a) >0, to - a < b - a, we get the following contradiction 


4>{to) ^ <^(a) exp(/l(fo - a)) <2 exp(/l(fe - a)) <2 exp(/l(r + cr)). 


In consequence. 


(P * K)(t) > 



pit - s)K(s)ds > 1.98, 


t e [a,a + cr]. 


so that (I-ip* K)it)) < -0.98, t e [a, a + cr], and p"it) - cp'it) >0, f 6 [a, a + cr]. In particular, 
p'it) > p'ia) for all a < f < a + cr and thus 


2 exp(/l(f - a)) > Pit) >2 + 

c 


\]p'ia), a < t < a + cr. 


Therefore 

2e'^‘^ > 2 + - Jp'ia), 

c 

so that 0 < p'ia) < 0.01. Next, let 3 [a,b] be the maximal interval where pit) > 1.1. 

Then, for all t 6 [a_, a + cr], we have p"it) - cp'it) > 0 since 


iP * K)it) > 



pit — s)Kis)ds > 0.99 ■ 1.1 > 1, f 6 [a_,a + cr]. 


But then 

p'it) < p'ia)e‘'^'^‘‘^ < t 6 [a^,a); 

(pit) >2 - ^-^{1 - >2 - >1.9, f 6 [a_, a), 

c c 

a contradiction (since piaJ) =1.1). □ 

Corollary 2. Assume that c > 2 and K are fixed. Then, for each sufficiently large fi > \, 
equations m and m share the same set of semi-wavefronts propagating at the velocity c. 

Proof. Due to Lemma|5]and the definition of gju), it suffices to take yS > C/(c, K). □ 
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A stronger a priori estimate is based on the following assertion; 

Lemma 6. Let y be a bounded solution of the boundary problem 

y'(t) - cy(t) - /(f) + g(t) = 0, y(b) = 0, f 6 (a, b], 
where c >2 and a continuous function g satisfies 


-1 < A inf g(s). 

se(a,b] 


Set B g{s)- If there exists to min 5 e(a_i,] y{s) and A < 0, then oj > f(A). Similarly, if 

there exists y maXje(a;,] y{s), then y < f{B). 


Proof. The above statements were proved in 0211 Lemma 20] under additional condition y{a) - 
0, but without assuming the existence of the global extrema of y on {a,b}. It is easy to check 
that the latter condition (which is obviously weaker than y{a) - 0) is sufficient to repeat all the 
arguments in the proof of ll^ Lemma 20]. □ 


The next two results can be considered as improvements of Lemma|5] 

Lemma 7. Let c >2 and 4>{t), f(—oc) — 0, be a bounded positive solution of equation (0. Set 
p(u) - /(e““ - 1), x{t) - - In 0(f) and 


m — liminf x{t), 

f—» + oo 


M - limsupx(f). 

f^+OO 


Then 


^+oo ^0 

eP^'’''^^K(s)ds+ eP^^'>-^K(s)ds>e^, 

tJo oo 

0+00 oO 

eP(^)^K(s)ds + e^^''‘^^K(s)ds ^e"’. 

*Jo «J—CO 


Observe that the integrals in the statement of Lemma [T] (and in Lemma[8]below as well) can 
be infinite (i.e. equal to +oo). 


Proof. By Lemma|2] the wavefront profile 0(f) is increasing on some maximal interval (-oo, Qq) 
and lim inf,^+oo 0(f) > 0. Moreover, if 0(f) is eventually monotone and fi is sufficiently large then 
0(+oo) = 1 by Lemmas|4]and|5] In such a case, M - m - 0, which proves the lemma. Hence, we 
may assume that 0(f) is not eventually monotone. Set y{t) - x'{t), since x(f) is neither eventually 
monotone there exists some s > Qq such that y{s) > 0. Moreover, it is clear that for each such s 
we can find some finite a < s < b such thaty(i) > 0 = y(b) - y{a). Then Lemmas|6]and|5]assure 
that 

y(s)<f (max f e-^^‘-“^K(u)du - l] < f(U(c,K) - 1). 

Jr / 

In particular, this means that sup^£Ry(i) is a finite number. We claim that 


limsupy(s) < pirn). (18) 

5—»+oo 
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Indeed, let ij +oo be such that y{sj) —> limsup^^+^y(i). Then for appropriately chosen 
sequences aj < sj < bj, aj +oo, we have that 


y(sj) < fi max f e ‘‘^K(u)du- 1 

\telaj,bj] Jr 

Next, by Lemma|5] for every small e > 0 there exists T - T{e,c,K), T(Q'^,c,K) - +oo, such 
that 

X T ^+oo 

K{u)du>l-e, I e-^^'-‘‘^K(u)du+ e-’^(‘'‘‘^K(u)du < e, t e R. (19) 

T \J—oo <Jt 

Consequently, 

yisi) < /( max - 1 + e). 

t£laj-T,bj+T] 

Taking into account that lim infy^oo min,(=[a x(f) > m, we conclude that 

limsupy(s) < f(e^'" — 1 + e). 

5 —»- 1-00 

Letting e ^ 0^ in the last inequality, we obtain (fTSl l. 

Next, Lemma |3] implies that y(s) > /(-I) > -1 > -c for all s e M. Since x(f) is not 
eventually monotone, there exist sequences dj < qj < ej, dj —> +oo, such that minje[rf _e.]y(i) = 
y(^j) <0 ^y(dj) = y{e j) and yiqj) lim inf y(s). Set g(t) = e~^^''“^K(u)du - 1. Since 

y'(qj) - 0, we obtain that 

-1 < min g(s) < g(qj) = y^(qj) + cy(qj) < 0. 

se[dj,ej] 

Therefore Lemma |6] can be applied yielding 


y(qi) >f( min f e ‘‘^K{u)du- 

\t£[dj,ej] Jr 


From this estimation, arguing as above, we deduce that 


liminfy(s) > p{M) > /(-I). 


Next, let tj +00 be a sequence of local maximum points of x(f) such that xitj) 
j —» + 00 . With T and e as in (fT9l l and for sufficiently large j, we find that 

m': := min x'(i) > p{M) — e, M' max x'(i) < p{m) + e, 

se[tj,tj+T] se[tj,tj+T] 


mj\- min x{s) > m - e, M: max x(s) < M + e, 

[tj-T,tj+T] [lj-T,tj+T] 

e+ f f e-’^^''-^^K(s)ds > 1, 

J-T Jr 

x(f) > x(fj + m'(f - tj) > x(tj) + (p(M) - e)(t - tj), t e [tj, tj + T], 
x(f) > x{tj) + M'j{t - tj) > x(tj) + (p(m) + e)(t - tj), t e [tj - T, tj]. 


M as 
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Therefore, for each subset [A, B] c [—T, T], A < 0 < B, we obtain 


e + 


e + 


f e-^^'J-^^K(s)cis+ f > 1, 

J-T Jo 

X A ^0 

e-’"^^K(s)ds + J 

f + f e-'''^^K(s)ds> 1. 

Jo Jb 

Taking limit in the last inequality when e ^ 0 (so that T +oo), j +cx), we obtain that 

e^^^^'K(s)ds + e^^"''>^K(s)ds'j> 1. (20) 

This relation is valid for each -oo < A < 0 < B < +oo and if A, B are infinite, we get the first 
inequality of the lemma. Clearly, the second inequality can be deduced in a similar way from 

X A' ^+oo \ / ^0 \ 

K(s)ds+ K(s)dsj + e-'” e^^'”^^K(s)ds+ e^^^^^K(s)dsj < 1, (21) 

oo Jb' j \Ja' Jo I 


where A', B' are arbitrary real numbers satisfying -oo < A' <0 < B' < +oo. □ 

Lemma 8. Let <p{t) be a semi-wavefront to equation ^ propagating with the speed c >2. Set 

1 r“ 1 r+“ 

p - \immf <p{t), P — limsup(^(f), a+ — I |s|A'(s)tfs, a- — ( sK{s)ds. 

'^+“ f^+oo C J_oo C Jo 


Then 0 < p < \ < P and 

p + a+P{\-p) + a-P(P-l)>l, (22) 

P-a+P{P-\)-a^P{l-p)<\. (23) 


Proof. Taking A - B - A' - B' - 0 in (l20l i. (l2Tb we find immediately that 0 < p < 1 < P. In 
the case when p - P, Lemma|4]and Corollary|2]imply that p - P - I and that proves the lemma. 
If p < P, fit) oscillates between p and P. Therefore 4>'{t) is oscillating around 0 and there exist 
finite limits 

d - liminf0'(f) <0 < D limsup(^'(f). 

/^+oo 

We claim that 

1 1 

—P(P -\)<d<D< -P(l - p). 
c c 

Indeed, let tj —> +oo be such that 0 > f'itj) —> d, (f>”(tj) - 0. Then 

-f'itj) = ^fitjM * K(tj) - 1). 

For an arbitrary e > 0, we fix P sufficiently large to have 



(pit - s)K{s)ds + 


X 


fit - s)K(s)ds < e, 
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t 6 K. 


Then 


-0'(O) < ^<p{tj) J' - s)K(s)ds - 1 j 


< - sup (p(u) 

^ u>Q.5tj 


X 


■T \ 

e + sup cf>(ii) I K(s)ds — 1 

u>0.5tj 


After taking limit as j +oo, e ^ 0^ (so that T +oo), we get one of the required relations: 
—d < P{P — l)/c. The second inequality can be proved similarly. 

Next, consider the sequence {sj} of local maximum points such that (p{sj) —> P, sj +oo. 
We can suppose that sj is large enough to have 

min (p'{s) > d — e, max (p'is) < D + e. 

r,j'y+r] r,5y+r] 

Then 

cpisj - s)> 4>(sj) -(D + e)s, for i 6 [0, T], ^{sj - s)> (p(sj) - (d - e)s, for s 6 [-T, 0], 
and therefore 


1 > 


-X 


X +oo 

t/>(sj - s)K(s)ds > j <p(sj - s)K(s)ds 

DO J-T 

f sK(s)ds + (d - e) f 
Jo J-T 


Sj) I K{s)ds - (D + e) I sK{s)ds + {d 


\s\K{s)ds. 


Finally, letting e —» 0^ (hence, T +oo), sj +oo, we get the required inequality 


1 > P - Dca- + dca+ > P - a-P{\ — p) — a+P(P — 1). 


The proof of inequality (l22l i is completely analogous and therefore it is omitted here. □ 


Remark 3. Inequality ( 1231 ) has a simple geometric interpretation. Indeed, consider the follow¬ 
ing function 


f-i-s) 


P-P(l-p)slc, s>0, 
P + P{P- l)i/c, i < 0, 


then inequality can be written as @{p,P) (K * < 1. A serious drawback of 

the obtained estimate is that ®{p, P) can be negative and therefore the relation ®{p, P) < I 
is not very useful We can avoid this imperfection by introducing the function cf>^(—s,p,P) : — 
max{p, 0_(—s)). Arguing as in the proof of Lemma^ we can find that p and P should satisfy the 
following improved inequality ®(p, P) — (K* f-fiO) < 1. Obviously, continuous function ®(p, P) 
is non-negative for all 0 < p < P. 


3. Existence of semi-wavefronts for c > 2. 

In this section, we are going to prove Theorem [1] It should be observed that the necessity 
of the condition c > 2 can be easily obtained from the analysis of the asymptotic behaviour of 
eventual semi-wavefront f at -oo (if c < 2 then ff) oscillates around 0 at -oo). Thus we have to 
prove only the sufficiency of the condition c > 2 for the existence of semi-wavefronts. 
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First, consider 


r{(p){t) := b^{t) + gp{(p{t)){\ K){t)), 

where gp{u) is defined by (fT4l i. /? is as in Corollary |2] and b > \ + 2/5. In view of Corollary it 
suffices to establish that the equation 

<P"(t) - c4>’(t) - bm + rim = 0 (24) 

has a semi-wavefront. Observe that if a continuous function 0 < (//{t) < l/i, satisfies 
0 < < y6 at some point s e K., then 

rms) = ijj{s){b + 1 - («A * K){s)) > 0. (25) 


Now, if /? < i/r(s) < 2/3, then 


r(i/r)(s) = bi/is) + (2/3 - i//is))il - (t//* K)(s)) = 


2/3(1 - (lA * K)(s)) + ilj{s){b -l+ii/f* K){s)) > /3. 


(26) 


Next, we consider the non-delayed KPP-Fisher equation u, = u^x + gpiu)- The profiles <p of 
the traveling fronts u(x, t) - <p(x + ct) for this equation satisfy 


0"(f) - c(p'(t) + gp(^(t)) = 0, c > 2. 


(27) 


Recall that 0 < 4 < p denote eigenvalues of equation (l27l i linearized around 0 (i.e. xi'^) - xip) - 
0 where;^'(z) := 7 ^ — cz+ 1). In the sequel, (p+(t) will denote the unique monotone front to (l27T i 
normalised (cf. 11151 Theorem 6]) by the condition 

Mt) := (-f)V'(l + 0(1)), t ^ -CX,, ;• 6 {0, 1). 


Let us note here that 4>+(t) for all t such that 4>+(f) < satisfies the linear differential equation 

4>'(t) — c<p'(t) + 0(f) = 0. 

In particular, if c > 2 then there exists (see e.g. E Theorem 6]) C > 0 such that 

0+(O:=c''-Ce^ f<0;‘(/3). (28) 

Let zi < 0 < Z 2 be the roots of the equation z^ - cz - b - 0. Set zi 2 = Zz- Zi >0 and consider 
the integral operator A„, depending on b and defined by 

(A„,(f>){t) = — I r e=>^'”"V(0(i))(/i -H r e"-^'”"V(0(i))c/i 

^12 oo %J t 


Lemma 9. Assume that b > I + 2/3 and let 0 < 0(f) < 0+(f), then 

0 < (A,„0)(f) < 0+(f). 
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Proof. The lower estimate is obvious since 0 < (p{t) < (f>+(t) < 2p and therefore r{(p{t)) > 0 in 
view of (I 25 I 1 and (l26l l. Now, since (p{t) < (p+{t) and bu + gpiu) is an increasing function, we find 
that 


r(0(s)) < b^{t) + gpicpit)) < b(t>+{t) + gpi^+it)) R((p+(_t)). 


Thus 


(A„,0)(f) < — I r ’‘^R{^+{s))ds + f "'>R{(f>+is))ds\ = 0+(f), 

^12 ^, 7—00 dt J 


and the lemma is proved. 


□ 


Lemmal^says that tp+(t) is an upper solution for (l24l) . cf. OTT . Still, we need to find a lower 
solution. Here, assuming that c > 2 and that K has a compact support we will use the following 
well known ansatz (see e.g. S) 


0.(0 = va&MO,e^\\ - Me^')}, 

X oo 

^ e^^^K{s)ds 

(here L := sup^^R (p+(t)e~‘^‘), A + e < p, and 


0 < <^-(f) < <^+(f) < e‘^' < I, t < Tc, where (p-{Tc) - 0. 


The above inequality < (p+{t) is possible due to representation (l28l l. We note also that 

(0+ * K)(t) < Le^‘ e^^^K(s)ds. 

Lemma 10. Assume that c > 2, K has a compact support, b > 2/3 + 2. Then the inequality 
(f>-{t) < <p{t) < (f>+(t), f 6 R, implies that 


(/>-(t) < (A,„(/)){t) < (/)+{t), t 6 K. 


(29) 


Proof. Due to Lemma |3 it suffices to prove the first inequality in (l29l l for t < Tc- Since 0 < 
(f)(t) < \ < /i, t < Tc,we, have, for t < Tc, that 


(A„,0)(f) > 


1 

zn 


f 

*J —oc 


gZifi ^lr((p(s))ds ■ 


r 


e^it ^'>r((p(s))ds > = 


— I r + \-{(p* K)(s))ds + f e^^'-' ^^(l>(s)(b +!-(</>* /r)(i))c/i| > 

-^12 00 ,Jt J 

— If e^‘^'-^^r(s)ds + r ' = 

^12 00 tJt J 

— If e~^^'-^^r(s)ds + f Q(t), 

Z 12 00 df j 


Z12 

where r(i) ^^{s){b + 1 - * .^f)(^))- 

In order to estimate Q{t), we first find, for t < Tc, that 


(/'Lit) - c^'St) - b(j>-it) + b(/)^it) + 0-(f)(l - {(/>+ * K)it)) = 

X oo 

e-^^Kis)ds = 

00 
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^-x(A + e)-^J e-^^K(s)dsj > 0 . 


But then, rewriting the latter differential inequality in the equivalent integral form (see e.g. Il26tl 
or 0341 Lemma 18]) and using the fact that 

c^UT^) - (PUT;) = > 0 , 

we can conclude that Q(t) > f 6 R. Hence, f 6 R. □ 

Next, with each vector m = (jui,fi 2 ) we will associate the following Banach spaces: 

Cm = {y 6 C(R,R) : |y|m supe^^2"|y(s)| + supe^^‘^|y(s)| < +oo), 

^<0 ^>0 

Cm = {y 6 Cm : / e Cm, lyll.m Mm + l/lm < +°°)- 


Remark 4. Observe that Cm = C®(/t2,/Ui), = C*(/r 2 ,/ri) in the notation ofM P- 185]. 

It is clear that, in order to establish the existence of semi-wavefronts to equation (l24l) . it sufhces 
to prove that the equation A,„0 = (p has at least one solution from the set 

{x e Cm : 0-(O < x(t) < (p+it), t 6 R), 

where m = (p, A/2) for some fixed p > 0. Observe that the convergence x„ ^ x in is equivalent 
to the uniform convergence on compact subsets of R. 

Lemma 11. Let c > 2. Then ^ is a closed, bounded, convex subset of Cm ond ^ ^ A is 
completely continuous. 

Proof. By the previous lemma, Ai„{K) c .S. It is also obvious that is a closed, bounded, convex 
subset of Cm- Since 


|x(f)| + l(A„x)'(f)l <2/3(1+ zn), for all x e M., (30) 

due to the Ascoli-Arzela theorem A, „(.ft) is relatively compact in ^ . Next, by Lebesgue’s domi¬ 
nated convergence theorem, if xj —» xq in then (A„,Xj)(t) —» (AmXo)(f) at every f € R. The pre¬ 
compactness of {A„,Xj} c ^ assures that, in fact, A^Xj -+ A^xq in Hence, the map A„, : .ft —» 
is completely continuous. □ 

The final steps of the proof of Theorem[T]are contained in the following proposition. 

Theorem 4. Assume that c >2. Then the integral equation A^cp — (p has at least one positive 
bounded solution in A 

Proof. Assume first that K has a compact support. If c > 2 then, due to the previous lemma, 
we can apply Schauder’s fixed point theorem to A,„ : .ft — > .ft that guarantees the existence of 
a fixed point for A„, in ft, which is a semi-wavefront profile for equation O- Let now c - 2 
and consider Cj 2 + 1/ j. Since cj > 2, we already know that for each j there exists a semi¬ 
wavefront (pj of equation (l24l i: we can normalise it by the condition 4>j(Q) -1/2 - max 5 <o ffs). 
It is clear from (l30l l that the set [fj, j > 0) is precompact in the compact-open topology of 
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Ci(]R, K) and therefore we can also assume that (pj —> (po uniformly on compact subsets of K, 
where (po(0) = 1/2 = maXj<o (^o('S)- In addition, Rjis) ;= r{<pj{s)) —> Ro{s) r{<pQ{s)) for each 
fixed s 6 R. The sequence {Rj{t)} is also uniformly bounded on R. All this allows us to apply 
Lebesgue’s dominated convergence theorem in 

(A,„j(pj)it) ^ jj" e^'->^‘~’‘^Rj{s)ds + = (pj(t), 

where zij < 0 < Z 2 j satisfy z^ — cjz - b - 0. In this way we obtain that Ai„(po = <po with 
c - 2 and therefore (po is a non-negative solution of equation (l2]i satisfying condition (po{Q) - 
112 - maXs<o (po{s)- Lemma|3]shows that actually (poit) > 0 for all f 6 R. We claim, in addition, 
that infs<o = 0 and therefore (po{-(x>) = 0 in view of Lemma |2] Indeed, otherwise there 
exists a positive ko such that ko < <po{t) <1/2 for all f < 0. This implies immediately that 
ko/4 < a{t) (poiOil — (cpo * K){t)) < 3/4 for all sufficiently large negative t (say, for t < to). 
But then 

X lo 

a{u)du -> -Hoo as f -> -oo, 

contradicting the positivity of (po{t). In consequence, (po is a semi-wavefront. 

Finally, in order to prove the theorem for general kernels, we can use a similar argument 
by constructing a sequence of compactly supported kernels Kj converging monotonically to K. 

Indeed, set Kj{s) - K(s) + j^K(s)ds + K{s)dsj /(2.j) for s 6 [-/,/], and set Kj{s) - 0 

otherwise. As we already proved, for each fixed c > 2 and Kj there exists a semi-wavefront (pj 
propagating with the velocity c and satisfying the condition (pj{Q) - 112 - maXj<o (pj{s). Due 
to Lemma|5] 0 < (pj{t) < U{c,Kj) for all f 6 R. By using the explicit form of U{c,Kj) given 
in Lemma 121 it is easy to show that the sequence {ipj{t)} is uniformly bounded on R. Thus the 
sequence {(p'j{t)} is uniformly bounded on R as well, so we can assume that (pj (po € Ci(R, R) 
uniformly on compact subsets of R. But then (po{0) - 1)2 - maXj<o tpois) so that, as we have 
recently seen, (po{x + ct) must be a semi-wavefront for equation O- □ 

4. Proof of the first part of Theorem |3] 

In Sections|4]and|5] we show that the non-local KPP-Fisher equation ([Til can possess multiple 
wavefront solutions. It is convenient to split our proof into two stages. In the next section, we are 
doing all standard technical work related to the application of the Lyapunov-Schmidt reduction. 
This allows us to focus our attention in the present section on the new ideas of the proof. 

We start by analysing zeros of the function - z — exp(-zT); 

Lemma 12. The function x\{z) has exactly three simple zeros (denoted as Zi(t) € (0, 1), ziix) 
and Z 3 (t) = Z 2 (t) e C) in the half-plane {IRz > 0) and does not have any root on the imaginary 
axis {!Rz = 0) if and only ifr 6 (37r/2, In (2). Furthermore, %Z 2 (t) < Zi(t). 

Proof. By applying the Rouche theorem in the domains Dr b (0) bounded by the graphs of 
{^Rz = -2) and {|z| = R}, R > 0, we easily find that the half-plane {^Rz > -2) contains only one 
zero zi of;ifi(z) for every r 6 [0,0.5 In 2). It is clear that zi > 0 if r > 0. Since r > 0, all zeros of 
Xiiz) are simple. This means that when r is increasing from the initial value 0.5 In2, each new 
pair of roots appearing in the half-plane {^Rz > 0) should cross the imaginary axis {!Rz = 0) at 
some moment t„. It is easy to check that the first pair of complex conjugated roots Z 2 ('r),Z 3 (T) 
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will cross transversally {^Rz = 0) at the point t = 37r/2 with the velocity !Rz'(T)l^= 3 ;r /2 > 0. The 
same happens with each other pair of roots crossing {^Rz = 0) at the moments r„ = 37r/2 + 2mi. 
Finally, ^RzzCt) < Zi(t) for all t such that r- 37r/2 is small and positive. If ^Rz 2 ('ro) = ZiCto) then 
|Z 2 | = I exp(-Z 2 T)| = I exp(-ziT)| = zi so that 3z2 = 0, a contradiction. □ 

Theorem 5. For each t e (37r/2, In 12) there is Ctir) > 2 and an open subset Q ofR? such that, 
for each fixed c > Ct(T), the KPP-Fisher equation with advanced argument 

uft, x) = Uxx{t, x) + u{t, x)(l — u{t + T, x)), M > 0, X 6 R, (31) 

has a three-dimensional family u(t,x) — <p(x + ct,f,c), f e Q., of wavefronts. For each fixed 
c > Ct(T), (p maps Q. continuously and injectively into Ci(R, M) and contains a unique (up to a 
translation) monotone wavefront. 

Proof. By the definition, every wavefront profile ( f > to equation (13X1 1 is a solution of the nonlinear 
boundary value problem 

- c(f>'{t) + ([>{t){\ — fit + ct)) = 0, (p{-°°) = 0, <^(+oo) = 1, (p{t) > 0. (32) 

By setting e = c^^ > 0 and realizing the change of variables y{t) = 1 - (p{-ct), we transform (l32l i 
into the following equivalent form: 

ey''(t)-vy'(t)-y(t-T)(l-y(t)) = 0, y(-oo) = 0, y(+oo) = 1, y(t) < 1. (33) 

Taking e = 0 in (l33l l. we obtain the first order system 

y'(t) = y(t - t)(1 - y(t)), y(-oo) = 0, y(+oo) = 1, y(t) <1, f e R. (34) 

It is easy to see that the condition y{t) < 1 in (l34l i is redundant. Indeed, if y(fo) = I at some 
leftmost point to, then the function z(f) = 1 - y{t) solves the linear non-autonomous equation 
z'(0 = -a(t)z(t), z(to) = 0, where a(t) y(t - r) is bounded and continuous on R. But then 
z(t) = 0 and, in consequence, y(t) = I, a contradiction. 

Furthermore, for each nontrivial initial function a € C([-t, 0], [0,1]), the Cauchy problem 
/(f) = y{t - t)(1 - y(f)), y{s) - a{s), s 6 f-r, 01, has a unique monotone solution converging 
to 1 as f ^ +CX). In consequence, applying 11131 Theorem 5], we obtain that equation (l34l i has a 
positive increasing heteroclinic solution y{t) = foit). Then Theorem|6]of Section |5] assures the 
following: 

For each fixed r 6 (37r/2, Injl) and m = {p\,p 2 ) with —\<p\<Q<p 2 < 5Rz2(t) < 1, there 
exists a small eo > 0 and an open subset Q of R^ such that, for each fixed e 6 [0, eo], equation (l33l l 
has a continuous three-dimensional family of heteroclinic solutions (p 2 ) {yit, f, e), f e 
satisfying y(f,^i,e) + y{t,f 2 ,e) for ^ 2 , y(t,0,0) = foiO, sup,<o e-/^"^|y(i)| < 00 (fora 

moment, we do not claim that y(t, f, e) < 1). Moreover, 'F(p 2 ) contains all heteroclinic solutions 
of (I 33 I 1 satisfying \y - 0olm < cr whenever cr > 0 is sufficiently small. 

This means that for each t e (hnll, Injl) there is a positive Ct(T) and an open subset Q. of R^ 
such that equation (l32l i has a three-dimensional family f{t, f, c), 4" e of different heteroclinic 
connections for each c > Ct(T). Let us prove that all these connections are positive. Indeed, since 
each solution 0(f) = 0(f, f, c), f e R, of (l32l) is bounded, it should satisfy 

0(f) =- I - e^^‘~^^)f(s)f(s -H CT)ds, (35) 

P- Jt 
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where A,fj. are defined in (|6l). Next, we know that 0(-oo) = 0, <^(+ 00 ) = 1, and therefore there 
exists the rightmost point fo 6 K U {- 00 ) such that (p{to) = 0 and (p(t) > 0 for all t > Iq. But then, 
assuming that to is finite and taking f = fo in (IlST l. we get a contradiction: 0 = 0(fo) > 0. 

Next, we claim that the set {0(f, c), f e Q} contains a unique (up to a translation) monotone 

wavefront for each fixed c > Ct(T). In order to prove this assertion, we take 0 < fi2 < fj '2 < 2i(t) 
such that the strip {z 6 C : )Rz > jUj) contains exactly one zero, Zi(t), of;^^i(z) 

while the strip 2(/f2) contains exactly three zeros, Zi(t) and Z2(t) - Zsir), of xiiz)- It is easy 
to see that, in such a case, SC/tj) contains also exactly one root zi{t, e), zi(t, 0) := Zi(t), of the 
characteristic equation ez^ + z - = 0, for all sufficiently small e > 0. Respectively, 1 ,(^ 2 ) 

contains exactly three roots Zj(T,e), Zj{T,Q) := z/t), j - 1,2,3 of the characteristic equation 
+ ^ - e-- = 0. In addition, Zj(T,e), j — 1,2,3 are simple and depend continuously on 
T, e. Also, with as above, due to Theorem |6] and Corollaries [3 |4] in Section |5] the sub¬ 
family of functions y{t, e), e 6 [0, eo], ^6 Q, such that sup ||y - 0olm : y e < °° 

(hence, sup^^Q e“^ 2 *|y(s, e)|, sup^<Qe“^ 2 *|y'(s, f, e)| are uniformly bounded) is 1-dimensional. 

This implies that each y(-, e) 6 !F(//y satisfies 


(y,/)(f, f, e) = ( 1 ,zi(t, e))C(f, t ^ -00, 


(36) 


for some b > 0 and C(^, e), see e.g. 0281 Propositions 6.1, 6.2]. Let us prove that C(^, e) + 0. 
Indeed, if C(^,e) = 0 then v(-,4, g) £ ^ small solution in the sense that y(t,^,e) - 

0{e^'), t -00 for each L > 0, cf. 1281 Proposition 6.2]. On the other hand, it is easy to see that 
equation (l33T l does not have any nontrivial small solution. Indeed, if such a solution y,(f) ^ 0 
exists, the function z*(f) = e^^‘yt{t) is exponentially decreasing when f —> - 00 , for each fixed 
L > 0. Next, Zt(t) satisfies the asymptotically autonomous //near equation 


ez"(t) -H (1 -H 2eL)z'(t) + {eL^ + L)z - z(t - r)e-^\l - y,(t)) = 0, 


(37) 


whose limit equation at - 00 , 

ez"{t) -H (1 -H 2eL)z’{t) + (eL^ + L)z - z(t - T)e-'^^ = 0, (38) 

has the characteristic equation e{L+z)^+(L+z)-e~^^'^^^'^ = 0. Thus, for all L > 0 sufficiently large, 
equation (l38l l is exponentially stable. Due to the roughness property of an exponential dichotomy 
(in particular, of an exponential stability, see Lemma 4.3]), the unperturbed equation (l37T i 
is exponentially stable too. This means that z,(f) s 0, contradicting our initial assumption of 
non-triviality of yt(f). 

Hence, C((, e) 4 0 in (l36l l and therefore y(i, e),y'{s, e) do not change their signs at - 00 . 
Consequently, the associated positive solutions 0(f, c) of (l32l i are eventually monotone at -too 
and each (p{t) = (f){t, ^,c) 1 for all sufficiently large t. Then either 0(f) > 1 on some maximal 

interval (T, - 1 - 00 ), T 6 R, or 0(f) < 1 on some maximal interval (S, - 1 - 00 ), 5 6 R U {- 00 ). 

In the first case, there exists some fi e (T, -too) such that 0'(fi) = 0, < 0, 0(fi) > I, 

0(fi + ct) > 1. But then 0 > 0"(fi) = -0(fi)(I - 0(fi + ct)) > 0, a contradiction. 

In the second case, suppose that 0'(f2) = 0 at some rightmost point f 2 . Then 0"(f2) > 0, 
0(/2) < 1,0(/2 +ct) < I, and we again obtain a contradiction: 0 < 0"(fi) = -0(fi)(I-0(fiH-CT)) < 
0. The above arguments show that if y € then 0'(f) = 0'(f, c) > 0 for all f e R. 

Finally, take some y 6 'FiiJ. 2 ) \ 'Fip' 2 )- Then we have that sup^^g g ^-^ly(s> g)l = 
supj^o g)| < 00 and therefore, for some D(^, e) ^ 0, (5 > 0, it holds that 

y(f, C e) = £>(f, cos(3z2(t, e)t + E((, e)) + f ^ -°o- 
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This implies that all solutions y 6 TifJ-i) \ ’Fi/J.'o) are oscillating around zero at -oo so that every 
monotone solution in Tini) belongs to 1-dimensional subfamily Since small translations 

of each heteroclinic y 6 leave it within we may conclude that the 1-dimensional 

subfamily FCjUj) generated by translations of some fixed heteroclinic solution. For each fixed 
sufficiently large c, this proves the uniqueness (up to a translation) of a monotone front in the 
family 0(f,Fc). □ 


5. Proof of the existence of heteroclinic solutions for equation (l33t 

In this section, we apply the Hale-Lin functional-analytic approach 111. 13. .Elis to equa¬ 
tions (l33l l and (l34l i. The wavefronts for (l33T l without the restriction y{t) < 1 will be obtained as 
perturbations of the monotone positive heteroclinic solution <poit) of (a. Hence, it is convenient 
to use the change of variables y{t) - w{f) + <poit) transforming (1331) without the restriction y(t) < 1 
into 

ew"(f) + w'(t) — w(t) - -L(t, w,) — G(e, t, w,), w(-oo) = w(-i-oo) = 0. (39) 

Here e > 0, w,(-) w(t + ■) e C[-t, 0], and the functionals G,L : R+ x R x C[-t, 0] ^ M are 
defined by 

G(e, t, v(-)) := ecf,o"{t) + v(0)v(-r), L{t, v(-)) (1 + Mt - r))v(0) + (MO - I)v'(-t), 

The roots of the characteristic equation for ew"(f)+w'(f)-w(f) = 0 are the extended real numbers 
-1 - Vl + 4e -1 -H Vl +4e 

a(e) - -^-, j6(e) = --- for e > 0, and a(0) -oo, p(0) 1. 


2e 


2e 


Functions a(-), /?(■) are continuous on IR+ (including 0 because a(e) -oo, /3(e) ^ 1 as 
e ^ 0+). 

A bounded function w ; M —» M is a solution of (l39l l if and only if 


Jw(t) - H(e, w)(t), t e . 


(40) 


where (Jw)(t) - w(t) ■ 


p+oo 

I 


'L(s,Ws)ds, H(0,w)(t)\- 


p-\-oo 

■ -I 


‘w(i)w(i - T)ds, 


and, for e > 0, 

=ir 

. + 4e LJ-o 


N(e, w)(t) = 


p+oo 

1 

T 

it 

. Vl + 4 e 


L(s, w.s) ds + 


Vl 


e 


X +oo 

e/^('^)('^*)G(e, s, Ws)ds 


Our purpose is to apply a contraction principle argument in order to obtain a solution of Eq. (Ei), 
for e > 0 small and w close to 0, in the space Cm, for suitably chosen m = (Mi^fJ^i), i-ii < 0 < 
jU 2 < 1. We first analyse the linear part Jm := J\cm ■ Cm —> Cm, by introducing the auxiliary 
operators Dm, Tm : C^, ^ Cm, defined by (7’my)(f) ^y(t)-y(t) + L(t,y,),(Dmy)(t) =/(f)-y(0- 


Lemma 13. The linear operators Dm, Tm and Jm are bounded. Moreover, Dm is a bijection and 
Tm — Dm ° 
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Proof. By a direct computation we find that |L(-,y.)|m < (2 + e ^‘^)|y|m, 

\Dmy\m < lyll.m, l^’m^lm < (3 + l,m, l^mjlm ^ (3 + ^ 7 ^^- + 

\ 1 -|t2 

Ify e then (ymy)'(O ^ y'(t) + L(t,y,) + (Jmy){t)-y(t), so that 6 and T^y ^ DmoJ^y. 
Furthermore, it can be easily seen that there exists the inverse of 

^mVCO ^ e‘~'y{s)ds, |£»my(0li.m - 

Next, consider the linear differential equation 

y'{t)^y{t)-L{t,yd. (41) 

This equation is asymptotically autonomous, with the limiting equations /(f) = y(f - t) and 
/(f) = -y(f), respectively, at -00 and + 00 . 

Lemma 14. Assume thatr 6 (3;7r/2,77r/2). Let m = {pi\,^ 2 ) satisfy 

-I < jUl < 0 < fl2 < Zi(t) <1, H2* 5H.Z2(t). 

Then Im (Tm) = Cm, dim Ker (Tm) - where rm = #{z e C : x\i'^) = 0, z > jU 2 ). 

Proof. Following Hale and Lin lEoll . we say that the first order linear autonomous delayed equa¬ 
tion y'(f) = M(yt) has a ‘shifted exponential dichotomy’ on M with the splitting made at v 6 M, 
if the vertical line {)Rz = v) does not contain any eigenvalue of y'(f) = M(y,). Hence, clearly, the 
equations y'(f) = -y(f) and y'(f) = y(f - t) admit shifted exponential dichotomies on R with the 
splitting made at and // 2 , respectively. As a consequence, by ll^ Lemma 4.3], there is T > 0 
such that (HTt has a shifted exponential dichotomy on (- 00 , -T] and [T, 00 ). Therefore we can 
apply Lemma 4.6 of lE^I to (ITTT i. It follows that I'm is a Fredholm operator, with index IndiTm) 
given by 

Ind (Im) = dim Im (P^(—t)) — dim Im (P^ (f)), f > I, 

where P^{-t), P/-f) and P^(t), P^it) (f > I) are the projections associated with the shifted ex¬ 
ponential dichotomies for y'(f) = y{t - t) and y'(t) - -y(t), respectively. From Lemma 
4.3], we also have that P^f—t) P^,P^(t) —> as f ^ 00 , where is the canonical projec¬ 
tion from C[-T, 0] onto the jU 2 -unstable space for y'(f) = y(f - r), and P^ is the canonical 

projection from C[-t, 0] onto the unstable space for for y'(f) = -y(f). We have = {0] 
and dimP^^ = rm, consequently Ind{Tm) - fm- On the other hand, the index of Im is de¬ 
fined by Ind(Tm) — dim Per (Im) - codim/OT(Im). Again by ll^ Lemma 4.6] we find that 
dim Per (Im) = dimP^^ = rm, and therefore/m (Im) = Cm- Q 

Observe that rm = 1 for fi 2 close to zi(t) and rm = 3 for jU 2 < ‘^Z 2 (t). Moreover, since 
Cm = Dm ° -^mlcln is a surjection, we have 

Lemma 15. Let m = (fii, jj. 2 ) be as in Lemmafl^ Then the operator Im : Cm —> Cm is surjective 
and Ker (Im) = Per (Im)- 
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Proof. Clearly, for w e Cm we have JmW = 0 if and only if w satisfies SB and therefore w' e Cm 
and Ker{Jm) = Ker{Tm)- 

Next, if y 6 Cm then ^ y - J^y e C^. Equation 7mw = y is equivalent to J^iw - y) - ^ 
(hence, it is equivalent to Tmiw - y) = £>m ° -/mCw - y) = therefore it possesses a 

solutiony- 6 C^,. Thus Jm(x + y) = y so that 7m(Cm) = Cm- □ 

For the next stage of our analysis, we need the detailed description of the main properties of the 
nonlinear operator H in (l40l i. 

Lemma 16. Let m = (^ 1 , 1 ^ 2 ) be as in Lemma [74l and B^(0) denote the cr-neighborhood of 0 
in Cm- Then there exist e* > 0 and non-negative continuous functions C(e,cr), D(e), cr > 0, 
e € [0, e*), such that C(0,0) = £>(0) = 0, and for any e € [0, e*) and w 6 B™(0), it holds 

\H{e, w)|m < C(e, cr)|w|m + D{e), \H{e, w) - H(e, v)|m < C(e, cr)|w - v|m. (42) 


Furthermore, H : [0, e*) X B™(0) Cm is a continuous function. 

Proof. We write FI - H\ + FI 2 + Flo,, where HfO, w) - 1 / 3 ( 0 , w) = 0, 1 / 2 ( 0 , w) - 1/(0, w) and, 
for e > 0 , 


lli(e, w)(f) 


-r 




(t-s) 


L(s, Ws)ds; 


Vl +4e 

1 

H2(e,w)(t) ^ 

Vm^ Jr 
1 r‘ 

H^ie, w)(t) - — I Wj) + G(e, s, Ws))ds. 

Vl + 46 xJ—OO 


Vl +4e 

For f 6 K, e > 0, 7 = 1,2, we have 


1 1 e^'^^Oefj^d't 


1 1 1 

Jt \ vmi / 


[ Vl+4e/I(e)-M; 1-A'jJ 


=; cj(e)ef'^f 

where C7(0^) = 0. As a consequence, setting C 3 (e) ;= (ci(e) + C2(e))(2 + e^^'’^), we obtain 

Hfe, w) 6 Cm, \Hi{e, w) - Hfe, v)|m < C 3 (e)|w - v|m, w, v 6 Cm, e > 0. (43) 

Next, for f 6 R, e > 0, w, v e B^(0), we have 

|G(e, f, w,)\ = lefo'ft) + w(f)w(f - t)| < e|<^o (01 + o'|w(0l, 

|G(e, t, w,) - G(e, t, v,)l < cr(|w(0 - v(0l + |w(f - r) - v(f - t)|). 

Now, since the equilibria 0,1 of equation (l34l) are hyperbolic (cf. Lemma[T2l). <^o(0 converges to 
the limits 0o(+°°) = 1 and 0()(-°°) = 0 at exponential rate. In fact, there exist finite lim,^+oo(l - 
4>oit))e' and lim,_>_oo , see e.g. 1 1511 for more details. As a consequence, we conclude 

from 0 q(O = Mt - t)( 1 - 0o(O), <Po(t) = f'o(t - t)(1 - MO) - Mt - t)M0 that M f” 6 Cm- It 
follows from the above estimates that, for all v, w e B™(0), e > 0, 


|ll2(e, W)|r 


(Ji{e)-H2)snTAe 
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(O0o"lm + Cr|w|m), 





















2o-(l 

\H 2 ie, W) - H 2 {e, v)|m < - , |w - v|m, 


08(e) - 112 ) Vl +4e 


l^3(e, vv)|m < 


(//I - a(e)) Vl +4e 


e|0o"lm + (2 + e ''‘^ + cr)|w|r 


2(2 + e-WT)(i 

|//3(e, w) - //3(e, v)U < ^- |w - vU. 

(ji\ - a(e)) Vl +4e 

From these inequalities, for e > 0 small enough we obtain that (l42l) holds for all w, v 6 B^(0), 
with C(e, cr), D{e) given by 


C(e,cr) = C3(e) + 


2o-(l +e-^'>0 
08(e) - yU2) Vl +4e 


2(2 + e-^^-)(l +cr) 

(jui -a(e)) Vl +4e 



1 

/3{e) - IJ 2 


1 \ 2e|(;^o"|(-i,;,(r)) 

fii-a(e)) Vl +4e 


Since C3(0) = 0, £r(0^) = -cm, we obtain that C(0,0) = D(Q) - 0. 

Finally, it remains to prove that the function H : [0, e*)xBJ51(0) ^ Cm is continuous. It is easy 
to show that H{e, w) H{eo, w) in Cm as e —> eo, uniformly with respect to w from bounded 
subsets of Cm- For instance, the proof of such a convergence Hi{e,w) H\{0,w), e ^ 0^, 
follows from (l43l l. But then, due to (l42l i. the mapping (e, w) ^ H{e, w) is continuous in e, w. □ 


Next, for e > 0 small, we look for a solution w e Cm of (l40l) . We first apply a Lyapunov-Schmidt 
reduction. From Lemmas [T4l and [TSl it follows that Xm := Ker{J\c^) is finite dimensional, 
hence there is a complementary subspace I'm in Cm such that Cm = ^fm © Fm- For w 6 Cm, write 
w - ^ + rj with f 6 Xm, rj e Fm- Define 5m Fm|y„. Since 5m : Fm ^ Cm is bounded and 
bijective, 5^* is bounded. In the space Cm, (l40l i is equivalent tor] - S^H{e,^ + if), therefore we 
look for fixed points 77 6 Fm of the map 

(rm(e,f,;?) = 5m‘H(e,^ + ;7). (44) 


The following result is straightforward. 

Theorem 6. Let m = (^ 1 , 1 ^ 2 ) <^nd —1 < //i < 0 < 7^2 < 2 i(t) be such that there are no zeros of 
Xi (z) with )Rz = jU2. Then there exist e* > 0, cr > 0, such that the following holds: for each fixed 
e € [0, e*], the set of all wavefronts i/c to ( 1331) satisfying \if — <^olm < cr forms a r^-dimensional 
manifold 

Mm,. = {<A : = 00 + ^ + 8(e, f), for ^ 6 Xm n B^(0)), 

where T]{e, f) is the fixed point o/'Tm(e, •) in Fm (^ B™(0) such that 7/(0,0) = 0 and the function 
(e, ^) 6 [0, e*] X (Xm n BJ'(O)) ^ f) ^ Cm is continuous. 

Proof. Fix k e (0,1). From Lemma [Tfil there are cr > 0 and e* > 0 such that for 0 < e < e*, 
f e 2fm n B™(0) and 771,772 € Fm n B^(0) we have 

|5m‘//(e, f + /7i)lm < l|5m‘ll (C(e, cr)|f + 771 |m + D(e)) < cr, rm(0, 0,0) = 0, 

+ 81 ) + ?72))lm < C(e,cr)||5m lll?7l -'72lm < hjrji - 772|m- 


Hence, ffi ■ [0, C] x (X^ n BJ^(0)) x (Fm (~i B^(0)) ^ Fm n B^(0) is a uniform contraction 
map of 77 6 Fm n 5^(0). Therefore for (e,f) 6 [0, e*] x (Xm n 5^(0)) there is a unique solution 
r/(e,^)6Fm of (I44l i. which depends continuously on e, f. □ 

26 


























Corollary 3. If Q < ^2 < ZiW is such that the strip {z e C : ^Rz 6 [P 2 ,Z\{t))] does not 
contain zeros ofxiiz), then the manifold h\\ — A1m,e is 1-dimensional. If P 2 > 0 is small and 
T 6 {3nl2, In 12), then the manifold AI 3 = Mm.e is 3-dimensional. Moreover, M\ C AI 3 . 

Corollary 4. Under the assumptions of Theorem^(and with the same notation) there is C > 0 
such that the function rjie,^) satisfies 

fiie, < C, ^)|m < C for 0 < e < e*, ^ e n B^. (45) 


Proof. Since the function rjie,^) is continuous on the compact set [0, e*] x n B™(0)), the 
first estimate in (|45]) with C independent of e, ^ is obvious. 

Next, as we know, e Cm. Similarly, f e Cm because 

f it) = -0o(f - T)f(0 - (0o(O - l)f(f - t). 

In addition, since fit) := f{e,fi)(f) - (poiO + ^(0 + is a bounded solution of (l33l l. we 

find that erj" + rj’ - rj = (Np), where (Nri)(t) -e{(p'^{t) + - f{t - T)(ri(t) + ^(f)) - (1 + 

<p(){t - t) + pit - T))r](t) + pit - t)(1 - <po(t) - f(0) satisfies, for some positive C, the inequality 
|N;7(e, ^)|m < C for all f e Xm n and 0 < e < e*. Consequently, for e > 0, 

77(f) = ^ ( r e“i"^i'“"i(N77)(s)7fs + r e^^‘^'^^'~^\Nr]){s)ds ], 

Vl + 46 \J-oo Jt / 

from which we derive 


T]'(e,f)(t) = ^fjYrj)(s)ds - J3(e^ e^**^**' ^\Nr]){s)ds^. 

—00 t 

We also have that 77 '(0, f) - rf -t- Ntj{Q, ^). Thus there is Ci >0 independent of e, f and such that 
| 77 '(e, ^)|m < Cl for all f e Xm n B)f(O) and e e [0, e*]. This completes the proof. □ 

6. Proof of the second part of Theorem |3] 

In this section, we prove that the non-local KPP-Fisher equation O can possess fast semi¬ 
wavefronts connecting trivial equilibrium and positive periodic solution oscillating around 1 : 

Theorem 7. For each r > 37r/2 close to 37r/2 there is CtCr) > 2 such that equation m has 
proper semi-wavefronts u(t, x) - fix + ct, c). The profiles iff, c) are asymptotically periodic at 
-Hoo, with a)(c)-periodic limit functions having periods aj(c) close to 2nc and of the sinusoidal 
form (i.e. oscillating around 1 and having exactly two critical points on the period interval 
[ 0 ,tu(c))). 

Remark 5. In fact, with some more effort, it is possible to establish the existence of 2-dimensional 
family of proper semi-wavefronts for the above mentioned KPP-Fisher equation, cf. ^3/- 

Our proof of the existence of a point-to-periodic connection is based on the perturbation tech¬ 
niques developed by J. Hale in ifisll . E Section 10.4] and W. Huang et al. in (Sill. In fact, 
the paper llH deals precisely with the problem of point-to-periodic connections for equations 
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with time delay and nonlocal response. However, since there are important differences between 
the frameworks of ll23ll and the present paper, the main results from 112311 do not apply directly to 
equation (l32l i. Still, using the Krisztin-Walther-Wu theory of delayed monotone positive feed¬ 
back equations 1^ . it is possible to retrace the main arguments of IjJ, 23] in order to obtain the 
desired point-to-periodic connections in our case. We are doing this work in the present section, 
where we are paying special attention to the arguments which are different from those used in 
ll23n . The related results are given in Lemmas [17] (TS) [T^ see also Remarks [7 below. The 


19] 111: for 


final part of this section (after Lemma [T9l l follows closely the arguments of 118 
completeness of the exposition, we included this part as well. 

Analogously to the proof of Theorem |5| a point-to-periodic connection in equation (l32l i is 
obtained as a result of singular perturbation of a periodic-to-point connection (j)Q for the equation 


y'{t)^y(t-T){\-y{t)). 


(46) 


This is possible when equation (l46l l possesses an hyperbolic w-periodic solution p{t) oscillating 
around 0. Our first result below, LemmallT] considers this aspect of the problem. Recall that the 
w-periodic solution p{t) of (l46T l is hyperbolic if and only if the linearised w-periodic equation 


z'{t) = -p{t - T)z{t) H- (1 - p{t))z{t - t) 


(47) 


has only one Floquet multiplicator /r = 1 on the unit circle and, in addition, the realified gen¬ 
eralised eigenspace Gr(1) of this multiplicator is one-dimensional: Gr(1) = [cp',c 6 R). The 
hyperbolicity of p{t) implies that the formal adjoint equation ifl^l^ 

V'{t) = p(t - T)v(f) -(\-p{t + T))v(f -H t) 

associated with (l47T i has a unique nonzero cu-periodic solution v(f) = Pt(f) normalised by the 
condition f p'(t)pt(t)dt - 1, see e.g. 1231 dp. 1236-1237]. Another consequence of the hyper- 
bolicity of p(t) is that equation (1471) has a shifted exponential dichotomy on R_ with exponents 
ai - Q < Pi i 2 (lll ( as LemmafTTl shows the unstable space of this dichotomy is one-dimensional). 

Following i25l Chapter 5] and Sp. 480], we will say that solution z{t) of equation (l46l l 
is slowly oscillating on [T, -Hoo) if, for each fixed t > T, the function z{t -Hi), s e [-r, 0], has 
precisely 1 or 2 sign changes on the interval [-t, 0] (a continuous function z{t) has a sign change 
at some point fo if z(fo + f)z(fo - e) < 0 for all small e > 0 , in particular, z(fo) = 0 ). 


Lemma 17. There exists tq > 37 r /2 such that, for every t € (37r/2, tq), equation ( 1461 ) has a 
nonconstant hyperbolic periodic solution p(t) < 1, f 6 R, slowly oscillating around 0 and a 
periodic-to-point connection cf>o(t) <1. f 6 R, such that, for some a e (0,Pi) (~) (0,1) and C > 0, 
it holds 

|(/>o(f) - p{t)\ < Ce^"', t < 0 , (f>Q(+°°) = 1 - 

Proof. The change of variables 1 - y(t) = transforms (l46l) and the boundary restrictions on 
(/>() into the following equation: 

z'(t) = F{z{t - t)), F{z) e' - 1, z(f) is asymptotically periodic at - oo, z(-hoo) = -oo. 

Since function F : R ^ R is bounded from below, F{Q) - 0, F'{z) > 0 for all z e R, we can say 
that the equation z'{t) - F{z{t - r)) possesses delayed positive feedback. For t 6 ( 37 r/ 2 , In 12), 
this type of equations was thoroughly analysed in the monograph 0251] where it was proved that 
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the equation z'{f) - F{z{t — t)) (i) has a periodic solution q{t) slowly oscillating around 0 1125 
Corollary 5.8 and Theorem 17.3]; (ii) has a solution Q{t) such that Q(t) — q{t) —> 0 at -oo and 
Q{t) —» —oo as f —» +00 11251 Theorem 17.3]. Next, the solution q{f) is the unique non-trivial 
periodic solution belonging to the closure of the unstable manifold of the equilibrium z{f) = 0 
in the phase space C[-t, 0] Theorem 17.3]. The stability properties of q{t) were analysed 
in Chapter 8 of It was proved that the associated Floquet map has exactly one Floquet 
multiplier (of multiplicity 1) outside the unit disc (z : |z| < 1) Theorem 8.2]. Moreover, 
the only Floquet multiplier on the unit circle (z : |z| = 1] is 1 while the realified generalised 
eigenspace Gr( 1) of 1 is either one-dimensional or two-dimensional ll^ Corollary 8.4]. In 
the case, when Gk( 1) is two-dimensional, the equation z'(0 = Fjzjt — t)) cannot have slowly 
oscillating solutions exponentially converging to q{t) at -Hoo, see 1251 Corollary 8.4 (iv)] and the 
proof of Theorem 8.2 in for more details. We are going to use the latter information in order 
to show that dim Gk( 1) = 1 when tq > "in 12 is sufficiently close to 37r/2. Indeed, for such tq that 
To - 37r/2 > 0 is small, equation (146]) was analysed in ifl^ Section 3] by means of the normal form 
approach. In particular, it was proved that when the parameter t increases and passes through the 
point Ti = 37r/2, equation (06]) undergoes a super-critical generic Hopf bifurcation from the zero 
equilibrium, with associated periodic solution p{t) being exponentially stable with asymptotic 
phase in the center manifold of the trivial equilibrium, see il2l Example 3.24]. Moreover, it was 
established that p{t) oscillates slowly around 0, in fact. 


F(0 = 


20(T-37r/2) 
' 97r/2 -H 1 


cos ((1 -)- G( VT^^3^))f)) + G(t - 37r/2). 


(48) 


Since the change of variables 1 - y(t) - preserves all the above mentioned stability and 
oscillation properties of the periodic solution p{t) and the zero steady state, we may conclude 
that 1 - p{t) - for some tg eM. and that the unstable manifold of the trivial equilibrium to 

z'(t) = F(z(f - t)) contains slowly oscillating solutions exponentially converging to q{t). As we 
have already mentioned this behaviour is not possible when dim Gr(1) = 2. Thus dim Gr(1) = 1 
for all T > 37r/2 sufficiently close to 37r/2. This means that q{t) is a hyperbolic periodic solution 
of equation z'(0 = F(z(f - t)). In particular, Q{t) - q{t) —> 0 exponentially as f —> -oo, see 
0251 Appendices I and V]. Now, since the linear monodromy maps associated with the solutions 
q{t) and p{t) are conjugate via an invertible multiplication operator, we conclude that p{t) is a 
hyperbolic periodic solution of (l46l ). too. It is clear then that (poit) = 1 - is a heteroclinic 
connection possessing all properties mentioned in the statement of the lemma (the inequalities 
(po{t) < 1, p{f) < 1 were already established in the proof of Theorem|5] in the paragraph below 
formula (13?] )). □ 


Set now 


(Lw)(f) = (1 -H 0o(f - T))w(f) - (1 - (pQ{t))w{t - t), {Jw){t) = w{f) ■ 


/^■¥oo 

I 


XLw)(s)ds. 


The next stage of the proof concerns the solvability of the linear inhomogeneous equations 
(Jw)(t) = ^(f) and 

w'(f) - w(t) = -(Lw)(t) + g(t) (49) 


in the space 


- Ig e C/,(R, K) : g(-)-oo) = 0 and there exists an w-periodic 
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function goc(t) such that lim |g(f) - goc(t)\e = 0>, 

t—¥—CC } 

equipped with the complete norm 

\g\a = sup 1^(01 + sup |g(f) - goo{t)\e~‘^‘. 

feR t<Q 

Here a 6 (0, min{l,j8i)) is chosen as in Lemma fTTl and g ^ goo is a linear operator transforming 
function g, asymptotically periodic at -oo, into its periodic limit goo (i.e. lim,_>_oo |g(f) - goo(f)| = 
0, goo(0 = goo(f + w), t 6 R). In particular, we have p{t) - (0o)oo(O- We also notice that 
1 - (j)Q, (pQ, cpQ 6 X‘^ in view of Lemma[T7]and (l46l) . however, 0o i 

Remark 6. It is worth noticing that the definition of the Banach space X‘‘ given in ^2^ uses the 
restriction sup,<o |g(f)-goo(f)k'“^ < °° instead of lim,^_oo lg(0“^oo(f)k = 0. The advantage of 
our definition ofX" is that the translation operator T : RxX'’ X‘‘ defined by {Ti,w)(t) — wit+h) 

is a continuous function of h, w. Indeed, set TKJi, w) — sup^^jj |w(f + h) — w(t)\, then 

|w(f + h)\a < 2e*^\w\a, \w{t + h) - w{t)\a < ^a{h, w), 

where Q.a(,h, w) Q.{h, w) + (w(-) - Woo('))e*“’) + k''* - ^W\a and w) - 0. Thus 

\Th,wi - Th,wo\a < {|wi - woL + aX/L - /*o, wo)). 

Lemma 18. Suppose that g 6 Then equation ( 1491 ) has a solution w 6 X“ if and only if 

<goo,Pt >■-Jo goc(s)pt(s)ds - 0. 

Proof. First, we recall that the w-periodic hyperbolic inhomogeneous equation 


W\t) = -pit - T)w(f) + (1 - pit))wit - t) + goo(0, 


(50) 


has an ru-periodic solution Wg if and only if < goo,p* >- 0, see e.g. 11231 p. 1236]. 

Suppose now that equation ( l49l l has a solution w e X“. After taking limit at -oo in an 
equivalent integral form of (l49l l with g 6 X^, we find that Woo(0 is an w-periodic solution of 
(l50l l. Hence, < goo,p» >= 0. 

Next, suppose < goo,p* >- 0. Then equation (l50l) has an w-periodic solution Wooif). Let 
wo(f) be a smooth function such that wo(0 = Woo(f) for all f < 0 and wo(f) = 0 for all t > at. 
Clearly, the function w(f) = wo(f) + v(f) is a solution of ( l49l l if and only if v(f) is a solution of 
equation 

v'(f) = -4>o(t - T)v(f) + (1 - cf>o(t))v(t - t) + gl(f) (51) 

where gi(f) = git) + [-WQit)-f>o(t-T)wo(t) + il-<pQ(t))wQ(t-T)]. Observe that, for all f > w + t, 
we have that gi(f) = git), while, for all f < 0, 


gliO = git) - gocit) - IMt -t)- pit - T)]wo(f) - IMt) - Pit)]WQit - t). 

In particular, gi(+oo) = 0 and sup,<g |gi(f)k”“^ < Consequently, the sufficiency of the con¬ 
dition < goo, Pt >= 0 for the solvability of equation (l49l) with g e. X‘^ will be established if we 
prove that for each gi 6 Cm, nt = (0, a), gi(-i-oo) = 0, equation (fSTT i has a solution v' 6 Cm such 
that v(-i-oo) = 0. To this end, we will use results (as well as notation, see aj,/3j,yj below) from 
the Hale-Lin work lEoll . By the roughness Lemma 4.3 in lE^I . there exist a small e > 0 and large 
r* > 0 such that the homogeneous part of equation (fSTI) has a shifted dichotomy on (-oo, -T*] 
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with exponents ai - e < a yi < /3i — e and it is exponentially stable on [T„ +oo) (more for¬ 
mally, it has a shifted dichotomy on [T*, -too) with exponents 02 - —^+e < 0 J 2 < Pi 

Lemmas 4.5 and 4.6 from lE^I assure that equation (fSTT) has a solution v 6 for each g\ 6 Cm 

satisfying the orthogonality condition 



gy{t)yo{t)dt = 0 


for all y„ e D, 


where O denotes the set of the solutions yo{t) of the formal adjoint equation to (BTl i 


/(f) = (^o(f - r)y(f) - (1 - 0o(f + T))y(f -t t) (52) 

such that |yo(OI ^ Ke^^', t > 0, |yo(f)| < Ke '^', t < 0, with some positive K,p < P 2 . 

We claim that D = (0) and therefore the above orthogonality condition is automatically 
satisfied. Indeed, suppose that jo 6 D\{0). Since yo(-i-oo) = 0, there exists an increasing sequence 
tj - 1-00 such that |yo(f;)l = maXf>,, |y„(f)| > 0. Then each function Zj(t) - yo{t+tj)l\yo{tj)\, t > 0, 
is uniformly bounded by 1 on R+ and also satisfies the equation 


z\t) = 0o(f - T -I- tj)z(t) - (1 - 0o(f + T + tj))z{t + t), i e N. 


In particular, |z'(f)| < 3 sup^^g l^oC*)! for t > 0, j e N, that implies that Zj(t) has a subsequence 
Zj^{t) uniformly converging on compact subsets of M+ to some nontrivial bounded solution 
z»(f), k*(0)| = 1, of the limit equation (at - 1 - 00 ) z'(t) - z(f). Obviously, since maXj>o k»(s)| = 1, 
this cannot happen and therefore D = (0). 

Hence, equation (fSTI) has a solution v 6 C^ for each gi e Cm- In this way, the lemma will 
be proved if we show that v(-i-c!o) = 0 and v(f)e““^ —» 0 as f ^ - 00 . The property v(h-c)o) = 0 
becomes evident if we observe that v'(f) = -v'(f) -H g 2 (t), where g 2 (t) = (1 - tpo{t - T))v(f) -(- (1 - 
-t) + gi{t) satisfies g 2 (+°°) = 0. Indeed, we have 


|v(f)| = 


I 


v(s)e + I e “^g 2 (u)du 


< |v(i)|e -H sup|g2(M)l, f > -s, 


so that Iimsup,^_^„ |v(f)| < lim^-^+oo sup„>^ |g 2 (M)l = 0. 

Finally, suppose that limsup,^_^ |v(f)|e~“' > 0. Then, after realising the change of variables 
v(f) = we find that lim sup,^_^ lt^(f)l > 0 and 


/(f) = -{a + pit - T))iffit) -H (1 - p(f))e “^ij/it -t) + giit). 


where 

g3(f) = (gi(f) - ((po(t - t) - pit - T))v(f) -I- ipit) - MOMt - t)) , g3(-o°) = 0. 

It is easy to check that the Floquet multiplicators of the homogeneous equation 

/(f) = -ia + Pit - T))zit) + (I - pit))e-‘^^zit - T) (53) 

can be obtained from the Floquet multiplicators of (l47l) after multiplying them by Thus 

equation (l5^ is exponentially dichotomic (i.e. it does not have multiplicators on the unit circle). 
In particular, it does not possess nontrivial bounded solutions. On the other hand, since ipit), tf/'it) 
are bounded functions and gii-oo) = 0, we can find a sequence tj —> -00 such that i/f(f -H tj) 
converges, uniformly on compact subsets of M, to a bounded nontrivial solution of (l53l l. The 
obtained contradiction shows that actually lA(-oo) = 0. □ 
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Corollary 5. Suppose that g 6 X^. Then equation Jw — g has a solution w 6 if and only if 

goc{s){p',{s) + p,is))ds = 0. 

Proof. Note that there exists a solution w, 6 of Jw, = .g if and only if the equation {Ju){t) - 
g 4 (f) with 

X foo 

e’-\Lg){s)ds e 

has a solution u, - w, - g e X“. Now, it is easy to see that 

u'(t) + fait - T)u(t) - (1 - cf>o(t))u(t - t ) = -g4(t) + g'^iO, 


where 

-g 4 (f) + g 4(0 = -(1 + Mt - T))git) + (1 - Mf))g(t - t) e X". 

Applying Lemma[T8] we obtain the following solvability criterion for Jw = g: 

0 =< -g4,oo +g4oo-P« >= I [-(i + p(s - T))gocis) + (1 - pis))gocis - t)] p,is)ds ^ 
Jo 


r'CJ r'li) 

I [-p.(s) -p(s- t)/7.(s) + (1 -p(s +t))/7.(s + T)]goo(s)^fs = I [-/?.(«)- p'(s)] goo(s)^fs. 
Jo Jo 


This completes the proof of Corollary|5] 


□ 


Remark 7. Lemma U^ and Corollary\^are analogous to Theorems 3.1 and 3.5 in 4231/ . Due to 
the use of the Hale-Lin theory our proof of these results is shorter than in ^2^. 


As we have mentioned, semi-wavefront solutions of (l3Tt will be obtained as perturbations of 
the oscillating connection <po(t) of (1461) . Since these semi-wavefronts may converge, as f ^ 
-oo, to the periodic solutions with periods at slightly different from the period a> of pit), it is 
convenient to introduce a new small parameter y measuring the difference between at and a>. We 
will incorporate y through the change of variables Z(f) = y((l + y)f), where y e [-y*,y*] for 
some small y, > 0. After setting ey = e/(l -H y) and Tj - tHI + y), we obtain from (l33T l that 

eyZ”it) + Z'it) - (1 H- y)Z(f - Ty)(l - Z(f)) = 0. (54) 


Thus the function w(f) = Z(f) - fait) satisfies the equation 


eyw”it) + w'it) - wit) - -(Lw)(f) - G(e, y, w)(f), (55) 


where 

G(e, y, w)it) = eyf^it) H- (1 -H y)w(f - Ty)w(f) - y[w(f - Ty)(l - faf)) - fait - Ty)wit)] + 

(1 - fait))[wit - Ty) - wit - r)] H- wit)[fait - Ty) - fait - r)]- 

yfait - Ty)(l - fait)) - (1 - fait))ifait - Ty) - fait - t)). 

Clearly, Lw, Gie, y, w) 6 when w e X^. Similarly to Section|5j a bounded function w : K ^ K 
is a solution of (l55l l if and only if 


iJw)it) - Hie, y, w)(f), f e M, 
32 


( 56 ) 




where 


and, for e > 0, 


H(0, y, w)(t) 



e' ^G{0,y,w){s)ds, 


H(e, y, w)(t) 


r 


■\/l + 4ey 


o('-i) 


(Lw)(i) ds + 


-\/l + 4ey 


X ? ^+oo 

j) + G( f, y, w)(s)(iS 

oo *Jt 


After some lengthy but standard computations (cf. the proo f of Lemma fThl above and Proposi¬ 
tions 2.1, 2.2 in 10 or Lemma 4.2 with Corollary 4.3 in i23ll L we obtain the following 


Lemma 19. Suppose thatw 6 Then there exist positive e*, y* such that H : [0, et]x[—y*, 7 t]x 

and 7 : X" —» are continuous functions. Furthermore, for each (e,y, w) 6 [0, e*] X 

[—y*, y*] X X‘‘ there exists D„F[{e, y, w) 6 BiX^, X") which depends continuously on (e, y, w) in 
the operator norm || ■ || of the Banach space B{X‘',X‘‘) of all bounded linear homomorphisms of 
X^. Finally, H(0, 0,0) = 0, D„H{0, 0,0) = 0 and the kernel KerJ C X‘‘ of J is finite-dimensional 
and nontrivial: Ker J 3 [cf^, c € R). 


Proof. Let e,,y, be small enough to satisfy jS(ey) 6 {a, 1) for all (e, y) 6 [0, e,] x [-yt,yt]. 
Obviously, H(0, 0,0) = 0. In addition, it is easy to see that G, L : [0, e*] x [-y*, y*] xX" —> X" are 
continuous functions. For instance, the term Gi(e,y, w)(f) = (1-i-y)w(f-Ty)w(f) in the expression 
defining G(e, y, w)(f) is the composition of the continuous (e.g. see Remark|6]l functions 


(-1,1) X r' ^ R X R X X X" ^ M X X'’ X X'’ Xf 


where FiCy, w(-)) = (1 + y,Ty,w(_-),w(_-)),Y 2 {a,b, v(-),w(-)) = (_a,v(- - b),w(_-)), Tfia,v(-),wi-)) = 
av{-)w{-). The continuity of J follows from the estimate 



e' ^f{s)ds 


a 


< 


3 - a 
I — a 


\fL f e 


Similarly, for some positive C which does not depend on e, we have that 


ir 


vr + 4e 


f{s)ds 


< Ce\fi 


■ If 


e 


.a(e)(t-s) 


f{s)ds 


<Ce\f\a, f&r‘. (57) 


This guarantees the continuity of FI when e —> 0. 
Next, for e > 0, we have that 


{D„Hi{e, y, w)h){t) 


VT 


=r 

+ 46 kJ—cc 


-r 




Vl -H4e 


- e 


h-s) 


(Lh){s)ds H- 


VT 


=r 

H- 4e J-<x 


e‘>(^)h-^\Lh){s)ds+ 


,a(e)(f-i) 


(D„G{e, 


1 

, y, w)h){s) ds + — I y, w)h)(s)ds =: 

Vl H-4e Ji 


(£i(e) -H £ 2 (e) + ^i(e,y, w) -i- © 2 (e, y, w))/r, where 


(D„G(e, y, w)h)(t) = (1 h- y) [w(f- Ty)h{t) -\-w(t)h(t-Ty)]-y[h(t-Ty){l- fo(t)) -foit- Ty)h(t)] -v 
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(1 - 0o(O)[/j(f - Ty) - h{t - t )] + h{t)[(po{t - Ty) - <po{t - t )]. 

If e = 7 = 0 then 


{D„H{0,0,w)h){t) 



e' ^[w(s - T)h{s) + w{s)h{s - t)]c/s, 


so 0 , 0 ) = 0 . 

Now, the continuous dependence (in the operator norm) of D„Hi{e, y, w) - £i(e) + S,2{e) + 
0i(e, 7 , w) + © 2 (e, y, w) on e, y, w is the most delicate part of the proof of Lemma fT9] Actually, 
it is easy to see that 2 >j{e), j - 1,2, are continuous functions of e. However, in difference with 

Proposition 2.2], D„G{e, y, w) does not depend continuously on e, y, w so that the continuity 
of &j{e, 7 , w) cannot be obtained as a consequence of the continuity of D„G{e, y, w). 

Fortunately, the integration improves the continuity properties of D„G{e, y, w). Let us clarify 
this statement by considering the following (most complicated and representative) term 

p+oo 

{&{e,y,w)h){t) j - y)ds 


of the linear operator 02 (e, 7 , w) (other terms of 0 j(e,y,w) can be analysed in a similar way). 
The first inequality of (ISTT i indicates that 0(e, 7 , w) is continuous with respect to e uniformly 
on w(-)h{- — 7 ) from bounded subsets of X®. This means that it suffices to prove that 0(e, 7 , w) 
depends continuously on 7 , w. Set q{s) h{s - 71 ), A 7 = 71 - 72 . Then it is not difficult to 
check the validity of the following estimates: 


r 


^^w(s)h(s)ds 


1 2 

^ ”|w|oo|f^|oO + ~ (|w|oo|f^|fl "t" |tV|flr|/z|oo) ^ 

/} p- a 


5\wUh\a 
P- a 


|0(e,72, w)/2 - 0(e,7i,w)/2|fl < T - lS.y)q{s)ds 

|v/f+Ay 


|e/^(AAy_ i| 


f^OO j I f^OO 

j - A 7 )^(s) 2 fs + I - A 7 ) - w(s)|^(s) 2 fs 

Jt la Ur 

3e«(lril+lr2l)|;j|j^|^ //|Arl|^^| + y^^a\Ay\ 


1 _ g(^-a)|Arl 


P - a 


15ga(lyil+lr2l) 
P - a 


|/2|a(|w(--A7)-w(-)la 


+ |/WAy_l||^(._Ay)|,). 


Hence, 


15ealrl 

\\0{e,y,W2) - 0 (e,7,>121)11 < —-|w2 -wi\a, 

p- a 

||0(e,y2,w) - 0 (e,ri,w)|| < Ci|Ay| + C2|w(- - Ay) - w(-)L, 


where Cj - Cj(a, y\,y2,P, \w\a), j - 1,2, are locally bounded functions. Thus we can conclude 
that 0 (e, 7 , w) is continuous with respect to 7 , w in the operator norm || • ||. 

Finally, Jw -Q, we X‘‘, if and only if 


w'(f) = - 0 o(f - T)w(f) + (1 - (f>o(t))w(t - t). 
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(58) 














Thus e Ker J. Recall now that equation (l58l l has a shifted dichotomy on ]R_ (with exponents 
ai - 0 < a < /3i and with one-dimensional strongly unstable space and with one-dimensional 
center manifold) and it is also exponentially stable on R+. Then Lemmas 4.5 and 4.6 from 
assure that equation (l58l l has at most two-dimensional space of solutions mX‘’. □ 


Corollary |5] and Lemma[T3show that J : X" ^ X" is a Fredholm operator, so that the Lyapunov- 
Schmidt reduction can be applied to (l56l) . First, consider the subspace c X^ defined by 


Y“ ^iweX‘ 


‘■f 


Woc(s)pt(s)ds - 0 


Since ((^g)oo = p'(t) and p'{s)pt{s)ds - 1, we obtain i ¥“ and therefore |23] there exists a 
subspace Z“ c ¥“ such that 

X“=Ker7eZ". (59) 

It is clear that J : ^ 'R(J) J{X‘‘) is a bijection so that 7 ' : HiJ) ^ Z° is a bounded linear 

operator due to the Banach open mapping theorem, cf. 11231 Lemma 4.4]. Now, in order to find a 
complementary subspace of !R(7) in X°, consider the smooth function f(f) such that ({t) - p,(t) 
for all f < 0 and ^(f) = 0 for all t > tu. We have ^oo(s)(K(s) + pt{s))ds - pl{s)ds > 0 and 
therefore ^ i 'R{J) in view of Corollary |5] On the other hand, each w e X^ can be decomposed 
as follows 


w = + {w - k¥,), where k - 


fSjj 

= J (p*(s) + p',(s))Woc(s)dsl j pl(s)ds. 


and P(W k^ € {c^, c e K), w - k^ - (I - P^)w € 

As a consequence, the question of the solvability of equation (l56l l in the space can be 
simplified to the question of the existence of solutions z 6 Z° of the system 


z = r\l - P()H(e, r, z), P(H(e, y, z) = 0. 

Due to Lemma [19] - P)H{Q, 0,0) = 0 and therefore, by the implicit function theorem, 

there exists a continuous function z = z(e, y), z : [0, ei] x [0, yi] such that z(0,0) = 0 and 


Jz(e, y)^(I- P()H{e, y, z(e, y)). 


(60) 


cf. 0231 Lemma 4.6]. Hence, in order to complete the proof of the existence of a periodic-to-point 
connections, it suffices to prove the existence of a continuous function y : [ 0 , 62 ] ^ M, y(0) = 0, 
€2 e (0, ei), such that 


P(H{e, y(e), z(e, y(e))) - 0 for all e e [0, € 2 ] ■ 

So, let Hoo, Joa denote operators obtained from H,J as a consequence of the replacement of the 
operators G, L in the definition of H, J with their limiting parts Goo, Loo'- 

Loo(w)(t) = (1 -H pit - T))w(t) - (1 - p(t))w(t - t), 

Goo(e, y, w)(t) = eyp"(t) -H (1 H- y)w(t - Ty)w(t) - y[w{t - Ty){\ - pit)) - pit - Ty)w(f)] + 

(1 - pit))[wit - Ty) - wit - r)] H- wit)[pit - Ty) - pit - t)]- 
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yp{t - Ty)il - pit)) - (1 - p(t))(p(t - Ty) - pit - T)). 

Then, using the definition of P^, we can rewrite the equation P^Hie, y, zie, y)) = 0 in the form 


P(Hocie,y,Zocie,y)) - 0 . 


Clearly, (IMT l amounts to the equation 

A(e, y) I ip,is) + p',is))Hocie, y, Zode, y))is)ds = 0. 
Jo 


( 61 ) 


Consequently, due to the implicit function theorem, it suffices to prove that DyA(e, y) exists and 
is a continuous function defined in some neighborhood of (0,0) 6 R+ xK, and that DyA(0,0) ^ 0. 
It should be noted here that the continuous differentiability of A(e, y) in y is not a simple issue. 
Indeed, observe that the function PI : [0, e»1 x [-yt,yt] x is not differentiable in y. A 


solution of this problem (proposed in | T§, 
parametric implicit function theorem, see 


23 


I) is briefly outlined below, it uses a version of the 


191 Lemma 4.1]. 


First, from dbOl l we obtain also that z - Zode, y) satisfies the equation 


J^z ^il- P()Hode, y, z), z(0,0) = 0. (62) 

It is also clear that 

Zode,y)is)pds)ds - 0, 

so that Zoo(e,y) belongs to the subspace - {w e wis)ptis)ds = 0) of the space 

of all continuous w-periodic functions with sup-norm. Obviously, Ker7oo = {cp'it),c e R) that 
implies - KerJoc © Yw 

Next, applying to (l62l i the same arguments as in the case of equation dMT l. we conclude 
that, for sufficiently small positive 6$ < 62,72 < 7i, there exists a unique continuous solution 
z : [0, 63 ] X [ 0 ,y 2 ] —> fA of equation (l62l l. Fortunately, the above mentioned generalised implicit 
function theorem guarantees now that zie, y) is also continuously differentiable with respect to y. 
The uniqueness of solution in the space 7^) implies that Zode,y) = zie,y) and therefore Zode,y) 
is continuously differentiable in y. See Lemma 4.7] or Proposition 4.6] for more details. 

Contrary to our expectancy, let us suppose now that DyA(0,0) = 0. Set zdO - DyZooiO, 0)(f), 
after differentiating (I62I) consecutively with respect to y and t, we find that 

z'dt) = -pit - T)zdt) + (1 - pit))zdt -t) + pit) + r(l - pit))p'it - r). 



This implies that the difference dit) - zdt) — tp'if) satisfies the homogeneous equation 

d'it) - -pit - T)dit) -H (1 - pit))dit - t). 


Now, since dis + co) = z,(i)-i/7'(i)-w/2'(i) = dis)-cop'is), s 6 [-t, 0], we conclude that Gr( 1) 
contains two linearly independent functions d, p' (this idea was exploited in the proof of Lemma 
4.5 in and Theorem 4.1 in 119]). Thus dimGR(l) > 2, which contradicts the hyperbolicity of 
the periodic solution pit). 

Hence, DyKiO, 0) 4^ 0 and therefore there exists a continuous function y = y(e), y(0) = 0, 
such that y(f, e) = 0o(f/(l + jie))) + zie,yie))itli\ +yie))) is the requested connection for ([33]). 

Note that yoo(f, e) = pit/d + yie))) - 1 - Zoo(e,y(e)^(l + yie))). Then relations (l48l l and 
Zoo (0,0) = 0 suggest the sinusoidal form of yodt,e) i30l p. 446]. The rigorous proof of this 
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fact is given by Mallet-Paret and Sell in 1^ . Indeed, the change of variables 1 - y(t) — 
transforms (133b into the following unidirectional monotone positive feedback system 

x'^it) - x\(t), ex\{t) - - x\{t) + - 1). 

The announced sinusoidal property (invariant with respect to the change of variable 1 - y = e‘) 
of nonconstant periodic solutions to such systems is established in Theorem 7.1 of 1301] . This 
observation completes the proof of Theorem]?] □ 

Remark 8. In fact, we believe thatyoo{t, e) is a slowly periodic solution of ( 133b in the spirit of the 
definition given in the second remark on p. 480 of n3(fl (and adapted for the positive feedback 
systems). It should be noted that the concept of slow oscillations depends on the order and 
nonlinearities of system under consideration. In particular, the definition of slowly oscillating 
periodic solution given in the paragraph preceding Lemma\l7\does not apply to equation ( 133b . 

Remark 9. Let some normalised kernel K be fixed in (]7}. By Alvaro and Coville results ((3/, all 
fast semi-wavefronts are converging at +oo (this fact does not exclude their multiplicity). This 
means that we can expect the appearance of proper semi-wavefronts only for the moderate values 
of c. It would be quite interesting to find some explicit (e.g., in terms of the kernel K) estimates 
for the speed intervals where all three types of waves mentioned in Corollary\I\exist. 
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